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Mathematics will ever remain the most perfect type of the 
Deductive Method in general; and the applications of mathe- 
matics to the deductive branches of physics furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathe- 
matical training an indispensable basis of real scientific education, 
and regarding (according to the dictum which an old but unau- 
thentic tradition ascribes to Plato) one who is dycwfUrprfros, as 
wanting in one of the most essential qualifications for the success- 
ful cultivation of the higher branches of philosophy. — John Stuart 
Mill : System of Logic, 

Je me plaisais surtout aux math^matiques, & cause de la certi- 
tude et de P Evidence de leurs raisons ; mais je ne remarquais point 
encore leur vrai usage, et, pensant qu'elles ne servaient qu'aux 
arts m6caniques, je m'etonnais de ce que, leur fondements 6tant 
si fermes et si solides, on n^avait rien b^ti dessus de plus relev6. — 
Descartes : Discours sur la Mithode, 1687. 



PREFACE TO THE FIRST EDITION. 



The following Lessons have been prepared for use in 
a brief course in Algebra offered in the first part of the 
second semester, freshman year, at Wellesley College. 
An effort has been made to give unity to the work by- 
proposing one general problem, — the discovery of the 
roots of Higher Numerical Equations. Everything has 
been omitted which does not bear directly on the solution 
of this problem. It hardly need be added that in so brief 
a presentation of the subject only the more important 
theorems could be included. The essentials of the Theory 
of Logarithms have been presented, preliminary to the 
study of Trigonometry. 

The works chiefly consulted in writing the Lessons, 
and to which special indebtedness should be acknowl- 
edged, are the treatises of Todhunter, Hall and Knight, 
Chrystal, Burnside and Panton, Serret, and Bertrand. 

E. H. 
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In revising the Lessons on Higher Algebra various 
minor changes have been made in the articles of the 
first edition, and a number of articles added. A section 
on Determinants has also been introduced. In explana- 
tion of the brevity of these Lessons, it ought to be said, 
that the mathematical course for which they were written 
includes further work for more advanced students, in 
which the text-book used is Burnside and Panton's Theory 
of Equations. 

The presence, in an algebra book, of so unusual a feat- 
ure as a section on the nature of mathematical reasoning, 
calls for more than a passing word. 

It cannot have escaped the notice of those who are 
acquainted with the prevailing methods of instruction in 
mathematics and logic that, on the one hand, the average 
teacher of mathematics gives little or no attention to the 
nature of the processes according to which mathematical 
reasoning is conducted; while, on the other hand, the 
teacher of logic almost ignores mathematics as a source 
of illustrations of the principles with which he is dealing. 
A preface is not the place to discuss the causes or effects 
of this divorce of two subjects which might go hand in 
hand; but I must express my conviction that when we 
discover those methods of instruction which are essential 
to sound education, they will be found to include logic 

vii 



viii PREFACE. 

for the student of mathematics, and mathematics for the 
student of logic. Since writing the Appendix I have 
received the Report of the Committee on Secondary 
School Studies, appointed at the meeting of the National 
Educational Association, July 9, 1892, including the Con- 
ference Report of the Committee on Mathematics, of 
which Professor Simon Newcomb, of the Johns Hopkins 
University, is chairman. This Conference Report con- 
firms me in the belief that any successful effort to improve 
the teaching of mathematics, both in colleges and sec- 
ondary schools, must recognize the claims of logic. " The 
very fact that demonstrative geometry is the most elab- 
orate illustration of formal logic in the entire curriculum 
of the student, makes the consideration of these elemen- 
tary principles of logic more interesting and profitable in 
this connection than in any other." (Report: Mathe- 
matics, p. 115.) The analytical branch of mathematics, 
however, scarcely falls behind the geometrical in afford- 
ing 'elaborate illustration of formal logic'; and the 
identity of the logic of algebra and the logic of geome- 
try is probably best shown by putting algebraic and 
geometrical illustrations side by side. 

The closing section of this book does not undertake to 
give any formal or complete presentation of the logic of 
mathematics; much less does it furnish those outlines 
of ratiocination which are essential to a proper under- 
standing of mathematical reasoning. As far as possible, 
technical terms have been avoided. There is no mention 
of 'contraposition,' or an 'undistributed middle term,' or 
an 'illicit process.' These and like matters the indi- 
vidual teacher will introduce or omit according to his 
own judgment. I have only insisted on the necessity of 
distinguishing between the conditional proposition of 
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mathematics and the causal proposition of inductive 
science ; and I have emphasized the fact of the constant 
recurrence of the distributed predicate — or equal quan- 
tification of the terms P and Q — in the mathematical 
proposition : All P is Q. 

As regards methods of presenting this proposed com- 
bination of logic and mathematics, much might be said ; 
but I may here only suggest that good reasons can be 
advanced for viewing the " Science of Proof, or Evidence," 
itself as an observational inductive science, and teaching 
it as such. It would obviously be absurd to expect stu- 
dents to re-evolve the Systems of Aristotle and Mill, — 
as absurd as to expect them to re-discover the laws of 
physics or biology ; but, on the other hand, it is not neces- 
sary to teach logic after the all too common dogmatic 
fashion. For instance, one might first allow a student to 
chance upon the fallacy of the illicit process of the major 
term, and then encourage him to set to work to determine 
wherein lies the error. After he has discovered that 
cases following a certain type are invariably incorrect, it 
will be time enough to give him the technical term for 
what he has observed. 

In conclusion, whatever may be its faults, the object of 
the Appendix will be secured if those who read it are 
stimulated to study formal logic for the purposes of mathe- 
matics, and are thence led to explore that larger and 
more important realm known as Inductive Logic, the 
principles of which are of daily concern in the pursuit 
of science and in the conduct of life. 

ELLEN HAYES. 
Wbllbslet, Mass., 
Feb. 1, 1894. 
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LESSONS ON HIGHER ALGEBRA. 



ERRATA. 

Page 6, last line, /or n— 1 recLd — n— 1. 

" 11,13th " " a;, '* a;°. 

" 22, 10th " " p" »* p„. 

" 31, 4th •' multiply 3d term by x. 

" 38, 4th " for Art. 5 read Art. 11. 

*' 42, 6th eq., read «* — 4a;« + 3a;a + 4aj — 4 = 0. 

'' 44, 5th line, /or Pj2/°-i read Pjy^-a. 

" 45, next to last line, in 3d term, read aj"-'. 

'* 49, 7th line,/or —/,(«) read -/(a;). 

" 63, in 2d term of (7), /or 6, read 6i. 

'* 83, Ex. 1, read: Find the characteristics of the logs, of 

11027, etc. 

*' 84, Ex. 7, /or 5a; read 5'. 



viewed as a variable, while we may assign xo a any arui- 
trary value which does not change with a?, a is said to 
be independent of x. 

Algebraic functions are those which involve only the 
six operations : addition, subtraction, multiplication, 
division, involution, and evolution, the exponents indi- 
cating the last two operations being constant. Other 

1 



2 HIGHER ALGEBRA. 

functions are classed as Transcendental, With the latter 
the present Lessons are not concerned. 

A rational algebraic function of a quantity is one in 
which the quantity is free from fractional exponents. 

An integral algebraic function is one in which the 
quantity is free from negative exponents. 

The expression 

p^ +Piar-^ +p^-^ + — +Pn-iX +Pn 
is a rational integral algebraic function of x, n being 
positive and integral, and the coeflBlcients l>o> l>u •••2>n> 
being independent of x. The limitations in regard to 
the exponents are to be understood to apply only to the 
exponents of x\ the coef&cients po, pi, etc., may have 
negative and fractional exponents. Whenever the above 
expression is used in the following pages, n is positive 
and integral unless the contrary is expressly stated; 
also Poj Pij etc., are real quantities. 

2. As X in f(x) changes, it is obvious that the value 
of f{x) must change also, whatever kind of function it 
may be. For example, let /(a5) = lirsc*; if we assign the 
value 3 inches to x, the volume of the sphere is 36 tt 
cubic inches; if the radius is 4 inches, the volume is 
85^ TT cubic inches. 

Suppose X to take an increment h, so that f(x) becomes 
/(a5-f ^). If the first value of the function be sub- 
tracted from the second, the remainder f(x -f h) —f(x) 
is the increment of the function due to the increment 

f(x 4- ^^ — f(x) 
of the variable, and l — ^^^^ is the ratio of the 

increment of the function to that of the variable. 

Let h now be supposed to diminish without limit, Le, to 
decrease until it differs from zero by less than any assign- 
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able quantity. The value of the ratio h ^^ 

when this supposition is made regarding h, is represented 
by /'(»), and is called the Jirst derived function of f{x) 
(or, briefly, the first derivative), since it is derived from 
/(aj), and is itself, in general, some function of x. When 
h diminishes without limit, /(a4-^)— /(«) also dimin- 
ishes without limit, so that in /'(«) we have the ratio of 
two infinitely small quantities ; but the ratio itself is, in 
general, some finite quantity. 

In case the function is such that any real finite value of x 
renders f{x) imaginary or impossible, /'(«) also becomes imagi- 
nary or impossible. For such a value of x, f(x) is said to be 
discontinuous; see Art. 11. 

To niustrate the nature of /(^ + ^)-/(^) ^ 

h 

let /(a;) = 3aj*. 

Then we have, when x takes an increment, 

/(a; + ^) = 3(aj + A)* = 3(iB* + 2a:^ + ^*), 
and 

f{x^h)-f{x) S{^^2xh + h')-^7^ 

1 = h = 6a: + 3^; 

but 6aj + 3^ = 6a? when h is made infinitely small. 
... /(aj)=6a;. 

3. Given f(x)= fi(x) + f2(x), to find f'(x). 

f{x-^h)^f{x) _ f{x + K)^f,{x^h)^f{x)-f,{x) 
A "* h 

_ fi(X'\-h)^f{x) f{x + h)^f,{x) 
" h '^ h 
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Therefore in the limit 

f{x)^f^(x)+fj(x)', (1) 

i.e. the denvative of the sum of two functions is the sum 
of the derivatives of the functions. 

It is evident that the same proof would apply to any 
number of functions connected by plus and minus signs. 

The derivative of a constant is zero, being the increment 
of a constant divided by the increment of a variable. 

4. Given f(x)=t^(x)f^(x), to find f'(x). 

Let w = /i(a;), and t*4-^i = /i(a;4- ^), ^i being the 
increment of u due to the increment h, which x has 
taken ; also let v=f2{x), and v + ^2 = /2(aJ + 'O- 

Then /(a? + h)^f{x + h)f,{x + h) = (u + h,) {v + h,), 

and 

f{x + h)^f(x) = {u-hh,)(v + h,)^uv 

= vhi + uh2 + ^1^2 > 
hence 

f(x + h) —fix) _vhi,uh2. ^ . 
h h h h 

but when h diminishes without limit, 

|=//W, and | = /2'(a^), 

and the term -^ vanishes. 
h 

Hence we have 

f(x) = vf\x) + uf,'{x) 

^f2(x)f\x)+f(x)f,'(x), (2) 
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a result which may be expressed as a theorem. In a 
similar maimer, we may find the derivative of the prod- 
uct of three or more functions of x. Thus if 

f{x)=ut)Ux)Mx), 

5. In general, let 

fix)=Mx)Mx)...Ux)', 

then 

fix)=f,'{x)Mx)...Ux) 

+/«'(a')/i(a')/8(a:) -Ux)+fs'(x)Mx)Mx) ... Ux) 
+ - +fn'ix)Mx)Mx) ... Ur{x), (3) 

a polynomial of n terms. 
Now suppose 

/,(a!) = /,(x)=.../„(») = <^(«); 
then /(a,)=[^(a5)]-; 

and (3) becomes 

/'(a;) = n[,^(x)]-y(a!). (4) 

Hence (4) affords a rule for finding the derivative of 
a function affected with a positive integral exponent. 
We notice one special case : when <^(aj) = x. The deriva- 
tive of the fundamental variable itself is seen to be 
unity; hence </>'(») = 1, and (4) becomes 

f(x) = naf^'\ (5) 

p 

6. Given f(x)= [<^(x)]i, where p and q are positive 

aind integral ; tofindf(x). 



6 HIGHER ALGEBRA, 

Raising both members of the given equation to the 
gth power, 

[/(a,)]. = [,^(a,)]'. 

Since the derivatives of equal functions must be equal, 
we have by (4) 

but [/(«')]'-'=[*('<')]'"""; 

substituting this value in the preceding equation, 

/'(a') =f [*(«)]'-' <^'('»)- (6) 



7. Oiven f(x) = [</>(x)]"°, where n is integral; to Jind 
f(x). 

or Ax)l<l>(x)Y=:l, 

Applying the rule for the derivative of the product 
of two functions, together with the rule for the deriva- 
tive of a power of a function, and remembering that the 
derivative of a constant is zero, we have 

f'(x) [^(a;)]- + nf{x) [<^(a;)]-V(a') = ; 

solving for f\x), and eliminating /(a?) by means of the 
given equation, 

f<(x). nli>{x)y-'4>'(x). (7) 
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8. Given f(x) = [«/>(x)] «, where — - indicates a negor 

tive fractional exponent; to find f (x). 
The equation may be written 

or [/(«)]'[*(«)? = 1; 

and proceeding as in the other cases, we find 

/'(«') •|[<^(a')]"^V(a'). (8) 

Comparing formnlaa (4), (6), (7), (8), it will be seen 
that if 

/(x) = [^(x)]», 

for all cases ; Le, when n is positive and integral, positive 
and fractional, negative and integral, negative and frac- 
tional. 

EXAMPLES. 

Find the first derivatives of the following functions ; 

2a^x\ —\^\ tra?', 3a;* — car^-f 1; aaf + bsx^ + c, 

-^^a^ + iaP; ax^ -, ^; (x^ -^ 1) (x + 2) . 
a?* 

9. Since first derivatives are themselves functions of 
the fundamental variable, their first derivatives may be 
found. These last are called the secoiid derivatives of 
the original function. This operation may be extended 
until we have third, fourth, fifth derivatives, etc. Second 
derivatives are usually indicated by the symbol /"(aj), 
and third derivatives by /'"(a;). 
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EXAMPLES. 

Find the second and third derivatives of the functions 
given at the close of the preceding article. 

10. To find the value of 

PoX» + PiX»-l + PjX°-2 + • . • + Pn.iX + p^ 

after x fias been increased by the quantity h. 

Let /(a:)=i>o«*+l>iaJ*-' + -+Pn-i«+i>i»; 

then f(x+h) =po{x + hy +p,{x + hy-"^ 4- - 
+Pn-i{x + h)-\-p^. 

Expanding each term and arranging the result accord- 
ing to the ascending powers of h, we have 

p^ +i)iaj"-^ + — -hPn-i^+Pn 

+ h[np^'' + (n - l)i>iaf-» + ... + 2p^,^ +p._i] 

+ ^'[n(n-l)i)oaJ»-*+ (n-1) (n-2)p,ar^+ ... +2^^,] 

l£ 
+ 

+ ,^[n(n-l)...(2)(l)/,o]. . 

\n 

The part of this expression which does not contain h 
is seen to be f(x) ; the coefficient of the first power of h 

is the first derivative of f{x) ; the coefficient of — is the 

l£ 
second derivative of f{x), and so on. 

Hence we have 

/(x + h) =/(«) + h .f(x)+^f'ix) + ^f"{x) + .... 

If l£ 7 
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Since n is positive and integral, it is evident that the 
series ends with the term which contains the nth deriva- 
tive. This is a particular case of a theorem known as 
Taylor^s Theorem, 

U. We can now show the continuity of a rational 
integral function between any two finite values of x. By 
this we mean that the value of the function changes 
gradually as x changes gradually from one value to 
another. 

From the preceding article 

fix + h) -/(a:) = hf(x) + ^r(x) + .... 

Since n is positive and integral, the second member of 
this equation consists of a finite number of terms ; more- 
over, from the mode of formation of the coefficients /'(a), 
/"(a?), etc., none of them can be infinite or imaginary for 
any real finite value of x ; hence by supposing h to dimin- 
ish, we can make the value of the second member as small 
as we please ; hence, also, the first member may be made 
infinitely small, vanishing with A. The function is there- 
fore continuous. 

Again, since «/ V^ "T" ) ""~/W =/'(«) when h diminishes 
h 

without limit, if h is positive, /(aj + /i)— /(a) and/'(a5) 

must have the same sign. Consequently, when f{x) is 

positive, f{x) is increasing with a?; and when f(x) is 

negative, f(x) diminishes as x increases. 

12. To find the remainder when any rational integral 
function of x is divided by x — 2l. 

Let /(«) denote any rational integral function of x. 
Suppose the process of dividing f(x) by a? — a to be con- 
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tinued until we have a remainder, r, whicli does not con- 
tain X. Let q be the quotient. 

Then f{x) = (a? - a) g + r. 

Making x equal to a, /(a) = r. 

Hence the remainder is the given function evaluated for a. 

CoR. As a special case suppose f{x) is exactly divisi- 
ble by « — a ; then r = ; hence /(a) = 0. Conversely, 
if f (x) vanishes when x = a, f (x) is exa/My divisible by 
X — a. 

13. If a rational integral function of the i^h degree 
vanishes for more than n values of the variable, the coeffi- 
cient of each power of the variable must be zero. 

Let /(a?) =Poa?" +Pi«""^ +P^'"^ H VPn-i^+Pn^ 

and suppose that f{x) vanishes when x is made equal to 
each of the values Oi, ag, o^, ••• a^ no two of these quanti- 
ties being equal. By the preceding article /(«) is exactly 
divisible by « — a^ and we have 

f{x) = (a; - Oi) {p^-^ + .-), 

the second factor being of the (w — l)th degree. 

Again, since f{x) is divisible by x — a^, and since 
aj — ai and a? — a2 are prime to each other, the factor 
(i>oaJ"~^ H ) must be divisible by a? — Og, and we have 

/(a;) = (a; - aO {x - a^) {p^-'^+ ...)• 

Continuing the factoring in this manner, we have 
finally 

/(«) = (» - aO (a; - ag) • • • (a? - a Jpo, 

and /(a;) is thus resolved into n linear binomial factors 
with one other factor p^. 
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Suppose now tliat f(x) vanishes for a quantity b, 
this quantity not being equal to any of the quantities 

dlf 0/2} ••• ^n* 

Then f{b) = {b- a^) (b - a,) (6 - ag) ... (6 - a„)po = 0. 

Since none of the factors 5 — ai, b — a^y ••• 6 — a^ can 
equal zero, we must conclude that po equals zero. Con- 
tinuing this process, it is shown that each one of the 
coeflBlcients p^, p^ ••• p^ must equal zero. 

14. If two rational integral functions of the nth degree 
are equal for more than n values of the variable, they are 
equal for all values of the variable. 
Suppose 

i>oa?n +Pi^~'^ + — + P«-l« +Pn 

=i>'a»" +p\i^-^ 4- ••• + P *-i« +P^ni 

X having more than n values. 
Transposing, 

(i>o -p'oK + (Pi -P'i)a^-' + - 

+ (Pn-l -y«-l)» +Pn -P'n = 0, 

and we have a function of the nth degree vanishing for 
more than n values of the variable. Therefore by the 
preceding article, 

Po-i>o = 0, Pi-p\ = 0, '"Pn-P'n-Oi 

i,e, po^p'oy Pi-P'i, etc. 

Hence the two expressions 

p^ + Piof -^ + • • • + JPn-l^J +Pn, 

p'^ +p\x''-^ + ... +i>'»-ia ^P^n, 

are identical, and therefore are equal for all values of 
the variable. 
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15. If PoX" + PlX"-^+-+Pn-lX+Pn 

= p'ox" + p'ix»-i + ... + p',_ix + p'„ 

for all values of x, the coefficients of the like powers of x 
are equal and the expressions are identical. 

Since the expressions are equal for all values of x, 
they are equal when x is zero; in that case jp„ =!>'». 
Dropping p^ and p\ and dividing by x, 

i>oa"-' + Piixf-^ + • • • + Pn-s^ + P»-i 

=p'oaj»-i +p'iixf-' + - + p'«-iaJ +i>'«-i. 

Again making x equal to zero, Pn-i=p'n-if a^d con- 
tinuing the operation as before, the coefficients of the 
like powers of x are shown to be equal. 

The proposition just proved is known as the Principle 
of Undetermined Coefficients. The principle is much used 
for developing a function into a series in ascending 
powers of the variable. In the preceding demonstration 
we notice that neither expression contains more than 
n + 1 terms, a finite number ; also, that we might have 
written 

Pn +i>«-i« + • • • + PiO""^ + P(P^ 

='P'n +Pn-iaJ + ••• +p'lX''-^ + p'^. 

If, now, instead of a finite number of terms, we have 
the series 

Pn + Pn-1« + Pn-^ + — = P n + i> «-!« + p' n-^ + « ' ', 

and this equality holds for all values of a:, the demon- 
stration would proceed as before, with the conclusion 
that the coefficients of the like powers of x are equal. 
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To illustrate the use of the principle, let it be required 

to develop ^ into a series including the third power 

1 -+- ^ 
of aj. 

Let j-^- ^A + Bx + Cy? + D7?+''^. 

1 + x 

Here we assiime that the given function r-^— can be 

1 + a; 

developed into a series in ascending powers of x\ our 
problem is to discover what values the quantities A, B, 
Cy etc., must have in order that the function may equal 
such a series. Multiplying both members of the equality 
by ! + «, 

aj = ^ + (^ + -B)a; + (5-|-C)a^ + ((7 + i>)a:«+.... 

The first member may be written 

Equating the coefficients of the like powers of », 

^ = 0, (^ + 5) = 1, .-. 5 = 1; 
5 + C = 0, .-. (7 = -l; 
C + i> = 0, .-. i> = l. 

The coefficients are now determined. Placing their 
values in the assumed series, 



= a? — oj* + ic^ — - 
Ex. 2. Develop 



1 + x 
1 



Assume 

^ — - ^A+Bx+CQ^-irDx'-\- Ex* + — 

(1 + aj)* 



14 
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Squaring both members of this equality, 



l + x 



= A^-\-AB 


x-^AC 


x^ + AD 


31^-^AE 


AB 


B^ 


BC 


BD 


AC 


BC 


(72 




AD 


BD 








AE 



^+' 



the quantities at the left of any vertical line being the 
terms of the complete polynomial coefficient of the power 
of X written at the right of that line. Multiplying both 
members of the equality by 1 + a?, 



= A^-{-AB 


x+ AC 


x2+ AD 


«8+ AE 


AB 


B^ 


BC 


BD 


A^ 


AC 


BC 


C^ 


2AB 


AD 


BD 


B^^2AC 


AE 








2AD-^2BC 



«* + ' 



Equating the coefficients of the like powers of a;, as in 
the first example, 

A* = l, 

2AB + A*=0, 

2AC + 2AB + £^ = 0, 

2AD + 2BC + 2AC + S^ = 0, 

2AD + 2BC + 2BD + 2AE + C'=:0. 

Thus we have a set of five simultaneous equations 
from which to determine the values of the five unknown 
quantities involved. If these values be substituted in 
the assumed series, 

1 



(l + x) 



= l-ia, + fa^-T^«' + VW«*- 
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Develop the following functions into series : 

" /Q\ ^ - fA\ l + a? . /K\ 1—305 



16. jTo develop (a + x)°* into a «enes, m being positive 
or negative^ fractional or integral. 

Let {a-^x)'* = A-^Bx-^CQ(^-^Da^-hEai^+"'f 

in which A, B, C, etc., are coefficients to be determined. 
Finding the first, second, and successive derivatives of 
the given function, and also of the assumed series, we 
have 

/'(aj) = m(a-f a?)"-^ 

= JB -f 2 Oa? 4- 32>aj* 4- 4 Jg7ic» 4- — , 
/'(or) = m{m -l)(a + aj)~-* 

= 20 + 2 . 32>aj + 3 . 4 J?ar^ 4- -, 
f"{x) = m(m - 1) (m - 2) (a 4- .r)—' 
= 2.32> + 2.3.4Jg7aj4-..., 

f\x) = m(m - 1) (m - 2) (m - 3) (a 4- «)~"* 
= 23.4^?+.... 

Since a? is a variable, and these equations therefore 
true for all values of x, they are true when x equals 
zero ; in that case we have 

-4 = a~; B=zma'^'-^; 2 (7=m(m - l)a"-^ 

and g^ ^(^-l) ^m-2. 2.3Z> = m(m-l)(m-2)a«-3 

and D = m(m.- l)(m-2) ^^ ^^ 

[3 
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Substituting in the assumed series the coefficients as 
thus determined, 

(a + x)^ = a"* 4- mar-^x + ^(^.""^^ a—V 

This is the Binomial Theorem, with a special case of 
which the student is already familiar. Comparison of 
several successive terms in this series enables us to see 
the law of the formation of each term so that we can 
write any specified term without first writing all the 
preceding ones. The nth term is seen to be 

m{m - 1) (m - 2) .»» (m - (71— 2) ) ^^-(n>i)^-i . 

| 7l — 1 

and the (n + l)th term is 

m(m-l)(m-2)...(m-(n-l)) ^^_,^ 

\n 

17. Suppose f{x) = (1 + a?)"*, in which m may be posi- 
tive or negative, fractional or integral. 

If this function be developed by the Binomial Theo- 
rem, we have 

(l + a;)-'=l+ma! + "^("^-^) a^ 

I m(m-l)(m-2) . 

^ [3 ^ 
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^ m{m - 1) »- (m - (n - 2)) ^n-i 

[n — 1 

^ m(m-l)»»»(m-(n~l)) ^ ^ 



Now it is evident that no finite value of x can render 
(1 + a?) "• infinite ; hence no value of x is admissible which 
will render the infinite series 

infinite in value. 

An infinite series is said to be convergent when the 
sum of the first n terms cannot numerically exceed some 
finite quantity, however great n may be. If by taking n 
large enough the series can be made numerically greater 
than any finite quantity, the series is said to be divergent 

We have, then, to inquire whether any finite value of x 
renders the series 

divergent. 
First consider the geometrical series 
l + a + jc* + iB8+.... 

The sum of n terms of this series is ""^ » Let 

1 —X 

a? < 1 ; then as n increases, oj" diminishes, and by taking 

n sufficiently great we can make aj" as small as we please. 

\ /p» 1 

Hence tends to the limit as n is increased. 

1—x 1—x 

-t ^ 

Let a? > 1 ; then by taking n indefinitely large , 

1 — a? 
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the sum of n terms becomes indefinitely large. The 
given series is therefore convergent for values of x less 
than 1, and divergent for values greater than 1. 
Similarly, the sum of n terms of the series 

1 — aj + a^ — aj*-|- ••• 

is ^-<-^)"^. 

1 + aj 

When aj<l, the limit of the sum of this series is 
, and the series is convergent as in the first case; 



1-^x 

but when a; > 1, af increases as n increases, and the sum 

of the series has no limit ; Le. the series is divergent. 

18L The following proposition can now be established ; 
Ify in a series of positive terms, as 

Ml + /^2 + /*8H h /An -f /A„+l H J 

ike ratio -^ he less than a ceHain quantity itself less than 

unity, for all values of n beyond a certain numbery the 
series is convergent. 

Suppose ^ to be a fraction less than unity and greater 
than the greatest of the ratios 

-^^••» beyond the number n, 

(1) 

(2) 
(3) 



then 


T<'' 


••• Mn+l<^/A«; 




r;<^ 


••• /*n+2<^AA«+i; 


and so on. 


^:<^ 


••• f^+i<^f^+2f 
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Since kfi^>fi^+i, if we substitute Jcfi^ for /a^+i in (2), 
we have /A„+2<^Vn- Making a similar substitution in 
(3), etc., and adding the corresponding terms of these 
inequalities, 

But since A; is a proper fraction, fc + Ar^+A:*-!-*" is a 

k 
converging series with for its limit. The other 

factor fi^ decreases as n increases, tending to zero as its 
limit. Hence the second member of the above inequality 
has zero as its limit. The first member of the inequality 
is the sum of the series after the nth term, and since it 

is less than ^ , it must also have zero as its limit. 

Now the sum of the n terms preceding fji^n+i-h H'n+2-\ 

is a finite quantity, being the sum of di. finite number of 
finite terms. Adding this to the series beginning with 
/*«+!> th.e limit of the entire series is seen to be a finite 
quantity; hence the conclusion that the series is con- 
vergent. 

On the other hand, if the ratio is greater than 1 

for all values of n beyond a certain number, the series 
is divergent. 
Proceeding as before, let A: > 1 ; then 

(fh.+i + /*«+» +•••)> /*i.(^ + ^+^+ •••)• 

Now both factors in the second member of this in- 
equality increase without limit; consequently the first 
member, which is always greater than the second mem- 
ber, must increase without limit ; the series is therefore 
divergent. 
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In the preceding argument we have assumed that the 
terms fi^ fi^, fi^, etc., are all positive. The conclusions 
reached may be shown to hold in case the terms of the 
series are alternately positive and negative; for k now 
becomes negative, and the series will be convergent or 
divergent according as — A; is < or > 1. 

EXAMPLES. 
Determine whether the following series are convergent 
or divergent : 

1.2^2.3^3.4^4.5^ 

4. l + 3aj + 5ar^ + 7ic« + 9a^+.... 

19. Eetuming to the infinite series which (l4-aj)~ 
becomes when developed, the ratio ^^^^=±1 is seen to be 

"^^""-^^ x, which equals f-l + ^^^-lV The first 
n \ n nj ^ 

factor tends to the limit — 1 as w increases indefinitely ; 

if a; < 1, the limit of the entire expression is therefore 

some proper fraction, and the series is convergent; but 

if aj>l, the series is divergent. Hence values of x 

greater than 1 are not admissible in the development 

of (1 4- «)*. 

The more general function (a + aj)* may be written 

X 

Let - = »; applying the above results to 
a 



<'^t) 
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(l + a;)*, z must be less than 1; otherwise the series 
would be divergent. But if z is less than 1, x is less 
than a; hence the Binomial Theorem does not hold 
when x>a, 

EXAMPLES. 

Develop into series in x : 

(a-.x)-^ -L.; (a + 2a?)-^; {2 + x^)K 

+ 0/ 



II. THEORY OF EQUATIONS. 

20. An Equation is a statement of equality between 
two functions of one or more quantities. Thus 

/(a, X, b, y, ...) = <^(a, x, 6, y, ...), 
or F(a, Xj b, y, •••)=0, 

represents all statements made by means of mathematical 
symbols and called equations. If the functions are re- 
garded (1) as functions of one quantity only, and if 
(2) they are differently constituted, each value of the 
quantity for which the statement is true is called a 
root of the equation. If condition (1) holds and (2) 
does not, the equation reduces to an identity; e.g. 
a? — 6=a — 5 is an identity, and the statement is true 
for all values of x. If condition (2) holds and (1) does 
not, the equation is said to be indeterminate, and the 
statement is true for an indefinite number of sets of 
values of the quantities involved; e.g. the equation 
2aj — 3y + l==0 is indeterminate if viewed as an equa- 
tion in X and y. We may assign to a all values that we 
please, and by properly assigning values to y, may keep 
the statement of equality true. Thus, if a; = 1, y must 
equal 1; if a?=:2, y = 4; if a? = — 1, y = --^, etc. In 
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what follows we shall consider equations in which the 
above stated conditions (1) and (2) hold, together with 
a third condition that the functions shall be rational 
integral algebraic functions ; and our problem is : to dis- 
cover the roots of such equations, — their number and 
character and values. 

Except when otherwise defined, the symbol f{x) will 
be used in the following articles to denote the rational 
integral function 

in which the coefficients pn p^ etc., are the ratios 
obtained by dividing the original coefficients by the 
coefficient of af. 

21. Asaumirig that every equation of the form f (x) = 
has a rooty real or imaginary, if the equation he of the 
jxth degree, it has n roots and no m^ore. 

Admitting that some of the coefficients of f(x) are not 
zero, it follows from Art 13 that f(x) cannot vanish for 
more than n values of x; t.e. f{x) = cannot have more 
than n roots. Now let ai be a root, then /(aO = ; 
also, by a preceding article, f(x) is exactly divisible by 
x^aiy and we have 

in which the factor fi{x) is of the (n — l)th degree. 

Dividing both members of this equation by a? — «!, we 
have/i(aj) = 0. 

Suppose og is a root of fi{x) = ; then as before, 

/i(«) = (a?-«2)/2(«) = 0; 
in which /,(») is of the (n — 2)th degree. 
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Eepeating this pperation, we have finally an equation 
of the first degree, and 

/(«) = (»- ai) (a? - aj)(a?- Os) — (a?- a«) = 0. 

Thus the first member of the equation is resolvable 
into n linear binomial factors, and the second term of 
each binomial is a root of the equation. 

CoR. 1. Two or more of the roots may be equal : the 
binomial fiictors remain n in number, and toe still apeak 
of the equation as heaving n roots. 

Cob. 2. If the multiplication indicated by 

(x - tti) (x - oa) ... (x - o^^i) (x - a„) 

be performed, it is evident that the term Pn of the original 
polynomial equals 

(-l)"ai«a«8--an-ian- 

Hence p„, the absolute term in the equation f(x) = 0, is 
exactly divisible by each root of the equation, 

22. If the coefficients of the equation are all real, 
imaginary roots enter it in pairs; i.e. if there be a root 
of the form a + ^V— 1, there must be an accompanying 
root of the form a — ^ V— 1. 

Let a -(- ^V^ be a root of /(oj) =0. Then a— /8V^ 
is also a root if f{x) is exactly divisible by 

}a:-(« + ^V=T)}{a?-(a-/8V^)}, 

which equals {x — ay-{-^. First suppose that /(a?) is 
not exactly divisible by (a? — a)^ + )8^; let q be the 
quotient, and rx + r^ the remainder. 
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Then f{x) ^\(X'~ay'^^\q + rX'{- r'. 
Since a + )SV— 1 is a root, 

Substituting this value of a? in the second member also, 

(a + ^V^:i-a)2 + ^ = 0; 

hence r(a + /S V^) + r'= 0. 

To render this last statement true the imaginary and 
real parts must be separately equated to zero, and we 
have ra + r'=0 and r/SV— 1 = 0. Hence r = and 
r'=0; hence /(a) is exactly divisible by (a? — a)^+/S*. 
a — /SV— 1 is therefore a root of /(a?) = 0. 

Cor. 1. It follows from the above theorem that an 
equation of an odd degree must have at least one real 
root; but an equation of an even degree may have aU of 
its roots imaginary. 

Cor. 2. If the coefficients of an equation are rational, 
surd roots must enter it in pairs. That is, if there be a 
root of the form a + VJS, there must be an accompany- 
ing root of the form a — V/S. The proof is similar to 
that given in the case of imaginaries. 

EXAMPLES. 
Form the equations whose roots are : 

-1,2,5; -1,1,4; a, -3,3. 
Form without surds the equations whose roots are : 

V3, 1+V3,3; V2-2, -Vi, -Vi 
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Form with real coefficients the equations whose roots 
are: 

4V^1, -1; 2-V^r3,^, -2. 

Solve the equation 

one of the roots being 6 —V— 1. 
Solve the equation 

aj« - 4 aj8 + 4 0)2 ^ 4 3. _ 8 = 0, 

one of the roots being V2 and another 1 +V— 1. 

What can be affirmed of the roots of equations under 
the following conditions : 

1. Coefficients all positive. 

2. Coefficients of the even powers of x preceded by 
the same sign^ and the coefficients of the odd powers 
preceded by the contrary sign. 

3. Equation containing only the eVfen powers of x, and 
the coefficients having the same sign. 

4. Equation containing only the odd powers of x, and 
the coefficients having the same sign. 

NoTB. The absolute term is regarded as an even power term. 

23. In any series of quantities given with their signs 
a succession of two like signs is called a permanence of 
signs, and a succession of two unlike signs, a variation. 
Thus if we write in order the signs of the terms of the 

polynomial a?* — a?^ — 1, we have H ; the first and 

second constitute a variation, the second and third a 
permanence. The following is Descartes' BtUe of Signs 
for positive roots : 

No equation can have more positive roots than it has 
variations in the terms of its first member. 
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Suppose that the signs of the terms of the polyno- 
mial f[x) are 

+ - + + + -. 

The signs of a binomial of the fonn a? — a, where a is 

a positive root, are H . We proceed to show that if 

the polynomial be multiplied by the binomial, there will 
be at least one more variation in the product than in the 
original polynomial. Writing down the signs only of 
the terms in the multiplication, and placing an ambigu- 
ous sign wherever two terms with different signs are to 
be added, we have 



+ 
+ 


- + 








+ + 






+ 


- + 

- + 

— < 


— 


+ 


+ 


+ + 
+ - 


— 


+ 



+ - + -±± + ±- + 

In this product, we notice that 

(1) an ambiguity occurs whenever -}- follows +, or — 
follows — , in the original polynomial ; 

(2) the signs before and after an ambiguity, or set of 
ambiguities, are unlike ; 

(3) a change of sign is introduced at the end ; 

(4) in general, the sum of the permanences and varia- 
tions is n+1 if the sum was n in the original polynomial. 

On account of (2), the number of variations is not 
diminished, and in whatever way this series of signs is 
read, the number of variations is at least one greater than 
in the original series ; and this is true even if we omit 
the ambiguous signs altogether in reading, the variation 
being gained at the end. If the original series ends 
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with a permanence, it will be seen, as before, that there 
is an additional variation. Thus we may have 

+ --f + + 

+ - 



+ - + + + 

- + - + 4--f 

+ - + -±± + ±- 



Therefore, if we suppose the binomial factors formed 
from the negative and imaginary roots to have been 
already multiplied together so that ^(a?) contains only 
these roots, each factor of the form x— a corresponding 
to a positive root introduces at least one variation. 

24. If in the identical equation 

f{x) = (a? - ai) (a? - oj) ... (a? - «„), 
we write —a? for a?, we shall have 

/(-aj) = (-a?-ai)(-a?-a,)...(-aj-aj 

= (-l)»(a? + tti) (a? + oj) (aj + og) ••• (« + «»)- 

Whence it appears that — «!, — Oa, ••• — «« are the roots 
of /(—»)== 0, and therefore the roots of /(— a?) = are 
equal to those of f{x) = with the signs changed ; Le, 
the positive roots of /( — aj) = are the negative roots 
of /(a?) = 0. But by the first rule, /( — a) = cannot have 
more positive roots than there are variations in the signs 
of the terms of /(—a?); which is the same as saying 
that f (x) = cannot have more negative roots than there 
are variations in the signs of f(— x). This is Descartes' 
Eule of Signs for negative roots. 

The student is cautioned against drawing the conclu- 
sion that an equation will necessarily have as many 
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positive roots as there are variations in the signs of 
/(»), and as many negative roots as there are variations 
in the signs of f{—x). It will be observed that, in 
general, Descartes' Rule merely furnishes us with outside 
limits of the number of positive and negative roots; 
other considerations must determine the number of roots 
of each kind as well as their value. 

EXAMPLES. 

1. Find the superior limit to the number of real roots 
of the equation 

(1) when a is positive, and (2) when a is negative. 

2. Find the superior limit to the number of real roots 
of the equation ^ 

«" — aaj* + 6aj — c = 0, 

a, 6, and c being essentially positive. 

[The equations of examples 1 and 2 are of great importance in 
Astronomy.] 

3. Show that the equation 

has at least four imaginary roots. 

4. Find the least possible number of imaginary roots 
of the equation 

6. Examine the equation 

for real and imaginary roots (1) when n is even, and (2) 
when n is odd. 
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6. Examine of* + 1 = 0, 

(1) when n is even, and (2) when n is odd. 

7. Given ar*±aa; + 6 = 0, 

where a and h are essentially positive ; show that in the 
first equation we have one negative and two imaginary- 
roots; and in the second, one negative root, while the 
other two are both imaginary or both positive. 

8. Apply Descartes' Eule of Signs to the equations 
described in 1, 2, 3, 4, Art. 22. 

25. Whenever it is required to find the value of /(a?) 
for some particular value of a?, the result may be obtained 
more readily than by direct substitution. Thus if 

is to be evaluated for a? = a, the process is as follows ; 
write the detached coefficients with their signs, multiply 
1, the coefficient of the highest power of a?, by a, and add 
the result to the next coefficient; multiply this sum by 
a, add the product to the third coefficient, and so proceed 
till the last term has been used. The last sum is the 
value of /(a;). The reasons for this rule will be found in 
considering the process itself as exhibited below. 






a* +i5i«3 +.r>2«^ +i>3« +P4 
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It is evident, also, that if any given function of x is 
incomplete, i.e. if any power of x is absent, its coefficient 
must be written in the series of coefficients. 

Ex.1. Find the value of a?*— 2 «*+ 3 a? + 4 when a? = 2. 

1 0-2 0+3+4 (2 
2 4 4 8 22 

2 2 4 11 26 

.•./(2) = 26. 

Ex. 2. Determine whether —3 is a root of 

a^4.7aj3 + 5aj*- 31a; -30 = 0. 

1 4-7 +5 -31 -30 (-3 
-3 -12 21 +30 

4 -7 ^^10 

Since /(- 3) = 0, - 3 is a root of f{x) = 0. 

26. The process of the preceding article also enables 
us to divide /(a?) by a; — a when a is a root of /(a?) = 0. 
Let /(a?) be evaluated for a as before ; the required quo- 
tient /(«) -J- (a? — a) will be, supposing f{x) is of the 
fourth degree, 

a* + (a +i>i)a* + (a^ + Pi" +i>2)» + («* +i>ia* +i>2a +i>8)- 

The function is one degree lower than /(«); and the 
coefficients of x after the first are the successive sums 
obtained in the process of evaluating, the last sum van- 
ishing, since a is now supposed to be a root of /(a?) = 0. 
That this is the quotient when f{x) is divided by a; — a 
appears at once by multiplying this new function by 
x — a\ thus: 
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aj» + (a + jpi)aj* 4- (a* + jPia + 1>2)« + («* 4- !>!«* 4- l>8a 4- 1>8) 

X* + (a +Pi)a^ + (a' + Pia4-i>2)»* + {c^+PiCt^+P^P^ -^Ps)^ 
—aa^—{a^'{-Pia)a^--{(^+Pia^-{-p3a)-(a*-{'Pi(^-{'P^^-{'Psa) 

^ -VPx^-Vp^ +i>8» - (a* 4-Pia' +i>8a* 4-P3a)- 

Since a* +i>ia' +i>8a* +i>8« +i>4 = 0, 

or a* 4-i>ia^ -\-p^ +i>8a = -i>4> 

we have finally for the product 

«* ^-Px^ +P^ 4-i>8» +i>4, 

the original function. 

To illustrate the use of this principle let it be required 
to obtain an equation of lower degree than 

aj4 + 7aj8^5aj«_3ia._30 = 0. 

Evaluating for —3 as above, we may write at once, 

the quotient that would be obtained by dividing 

aj* + 7aj»4-5ic2-31aj-30 
by a; + 3 in the usual way. 

27. A root of f{x) = has already been defined as a 
value of X which will render the statement, /(iB) = 0, 
true ; i.e. if a be a root, /(a) vanishes. If any other 
value not a root, as )9, be assigned to x, the function thus 
evaluated will not vanish ; i.e. we shaU have f{P) equal 
to some quantity not zero. Now if x be viewed as a 
variable and be conceived to pass through all real values 
from — 00 to + 00, it is evident (1) that we shall have 
as many values for the function as for the variable. 
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(2) that in general the value of the function will not be 
zero, and (3) that whenever x reaches a root value the 
function will be zero. It is possible to represent graphi- 
cally the changes in the function corresponding to the 
changes in the variable. Draw a horizontal line with a 
second straight line at right angles to the first. Call the 
horizontal line, XX\ or the X-axis; the vertical line YY*, 
or the Y-axis; and their point of intersection 0, or the 
origin. Beginning at as the zero point, lay off with 
any convenient unit of length the positive values of a? to 
the right on the X-axis ; and the negative values to the 
left on this axis. At the end, remote from 0, of this 
line which represents the value of x, draw a perpendicular 
(using the same unit of length) to represent the corre- 
sponding value of /(a?). The perpendicular is to be 
drawn upward from the X-axis in case f(x) is positive, 
and downward from this axis when f(x) is negative. 
Thus a point is located in the plane, and if many values 
be given to a?, — any two consecutive values differing but 
little from each other, — we shall have a correspondingly 
large number of points with small distances separating 
them ; and the assemblage of points will ultimately form 
a continuous line, straight or curved, which may be called 
the Graph of /(a). The values of x are called abscissas, 
and the values of /(a?), ordinaJtes; the two together are 
known as co-ordinates. 

To illustrate : let us take the equation a -h 2 = and 
construct the graph of /(a?), having in this case 
/(aj) = aj-|-2. When a;=0, /(aj)=-|-2; when a; = -hl, 
/(a?) = 4- 3 ; when a? = -f- 2, f{x) = -h 4 ; etc. Taking the 
first pair of values, since a; = we have no distance to 
measure off on the X-axis, and since f{x) = -{-2j we 
measure upward 2 units, thus locating the graphic 
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point Pj. Again, measuring 1 unit to the right and 
3 units upward, we have the point Pg. If aj== — 1, 
f{x) = -f- 1 ; hence, measuring 1 unit to the left on the 
X-axis and then 1 unit upward, we have a third point P^ 




Pio. 1; 



If many points are located in this way, they will be found 
to lie on the straight line determined by any two of 
them. (It will be shown in Analytic Geometry that the 
graph is always a straight line when f{x) is of the first 
degree.) We shall therefore draw the straight line AB 
passing through the points determined. For the pur- 
poses of these Lessons especial attention must be given 
to the fact that the distance from the origin to the point 
where the graph cuts the X-axis represents a root off(x) = 0. 
This is evidently true, since only root values of x make 
f{x) vanish, and when /(a?) vanishes, we have to measure 
neither up nor down from the X-axis ; that is, the points 
determined are the particular points of the graph which 
lie on the X-axis. In the above example the distance 
0P4(=— 2) represents the one root of the equation aj-f 2=0. 
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It will now be seen that having any equation f{x) = 0, of 
any degree, if we can construct its graph, the several 
distances from to the~points where the graph cuts the 
Xaxis will be the real roots of the equation; we are 
thus furnished with one method of solution of equations. 

Ex. 2. Construct the graph of /(a?) when 

/(a;) = ic2-f-a;-6; 

and by means of it show that the roots of the equation 
aj« 4- a; — 6 = are - 3 and +2. 

Writing a value of x and the accompanying value of 
f(x) in parenthesis, we have, for instance, the following 

pairs of values : (0,-6); 
(1,-4); (-1,-6); 
(-3,0); (2, 0). Locat- 
ing the corresponding 
points as in the first ex- 
ample, and drawing a 
curve through them, the 
graph is as seen in Fig. 2. 
If many points be located, 
they will be found to lie 
on the curve as drawn; 
there are no small bends 
or other irregularities in 
the curve. Moreover, the 
graph of any particular 
quadratic function, when determined in this experimental 
manner, will be found to be similar to the graph in 
Fig. 2. In Analytic Geometry it is proven deductively 
that the graphs of all functions of the form aa^ + hx-^-c 
are similar to that of Fig. 2. 
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28. If ^ be added to the absolute term of the equa- 
tion in the above example, we have oj^ + aj + ^ssO, an 
equation whose roots are — ^ and — \. The effect upon 
the graph is a change in its position with respect to the 
X-axis. This axis has moved parallel to its first position 
until it just touches the lowest point of the curve, the 
two unequal intercepts, — 3 and + 2, on the X-axis being 
replaced by the two coincident intercepts — \ and — \, 
If a still greater change be made in the absolute term of 
aj* + a; — 6, the graph will no longer touch the X-axis; 
the two equal roots of the equation will be replaced by 
two imaginary roots, and the graph is cut.by the X-axis 
in two imaginary points. For instance, if the absolute 
term \ were changed to ^, we should have the equation 
ic* + « + i == 0, whose roots are — ^ ± ^V— |. 

Ex. 3. Construct the graph of aj* — 4 a; -f- 4, and show 
that the equation 

aja-4a.+ 4 = 
has two equal roots. 

Ex. 4. Construct the graph of aj* — 2a5 -f 4, and show 
that the equation 

aja_2aj + 4 = 
has no real roots. 

Compare examples 3 and 4, and notice that a change in the 
position of the graph with respect to the X^ixis may be accom- 
plished in other ways besides a change in the absolute term. 

Ex. 6. Construct the graph of aj' — 6a?-f llaj — 6, 
and by means of it show the roots of the equation 

a?-6a?^-f-llaj-6 = 0. 
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Ex. 6. Construct the graph of ic^-f-2aj* + 4a; + 8, and 
show that the equation 

a» + 2a^4-4a; 4-8 = 

has only one real root, and that this root is negative. 

Ex. 7. Construct the graph of 

and show that the equation formed by equating this 
function to zero has two pairs of equal roots. 

Ex. 8. Form an equation of the fourth degree in real 
coefficients that shall have two of its roots zero and a 
third root ^V— 1 ; and exhibit the roots graphically. 

29. f(x), of the equation f(x) = 0, will change sign 
when X passes through any real root, as a, if there is an 
odd number of roots having the value a; hut if there is 
an even number of such roots, f(x) will not change sign. 

To make the case perfectly general, let a^ a2"-«n-2m 
be the real roots, and let ^i, ft •••ft« be the imaginary 
roots, and suppose 

<^(aj) = (aj-ft)(aj-ft)...(aj-ftj. 

Then we have 

/(«) = (a; - a,) (a? - Oj) ... (a;- a^2m) {*(«) \ = 0. 

As f{x) is supposed to contain only real coefficients, 
4»{x) must be of even degree. No real value of x can 
cause <^(a) to change sign; for if we form' the equation 
<^(a;) = 0, it has only imaginary roots; therefore the 
graph of 4»{x) does not cut the X-axis, and all the per- 
pendiculars representing values of 4^{x) are on the same 
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side of the axis. Hence, in examining f(x) for changes 
of sign, we need consider only the product 

{X - tti) {x - aj) ... {x - a„_2«). 
Suppose X to start with some value less than the least 
root, and to increase continuously until it becomes 
greater than the greatest root. So long as x is less 
than the least root, all the factors (a — ai), (« — ag), 
etc., are negative ; but when x passes the value of the 
least root, say aj, the factor containing that root becomes 
positive, and if there is no other root equal to «!, this 
factor will be the only one which will change sign; 
consequently the sign of the entire product is changed. 
Further, if there is an odd number of roots having the 
value Ui, an odd number of fetors will change sign, and 
the sign of the entire product is changed; but if there 
is an even number of roots having the value ai, an even 
number of factors will change sign, and therefore the 
sign of the entire product remains unchanged. As x 
goes on increasing after it has passed the first root, it 
is evident that the factor containing this root cannot 
become negative again, and does not need to be con- 
sidered in determining the subsequent signs of f(x). 
The above argument is repeated in the case of each 
root a^ o^f"' an-2m) and thus the theorem is established. 

30. If f (x) be evaluated in sttcceasion for two quantities, 
as a and b, and if the results, f (a) and f (b), have unlike 
signs, then the equation f (x) = must have at least one 
real root between a and b. 

For x=^a and a? = 6, we have on the graph of f{x) 
two points whose co-ordinates are [a, /(a)] and [&,/(&)], 
and since it is assumed that /(a) and f{b) have unlike 
signs, the two points must lie on opposite sides of the 
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X-axis. Now f{x) is of the form a?** -f- pia?"""^ -{-••• + l>„_i» 
-f p^, a rational integral algebraic function, and no finite 
value of X can render ^Jie function equal to oo. More- 
over, as shown in Art. ^, /(«) varies continuously from 
/(a) to /(&); i.e. it passes through all intermediate 
values while x changes from a to 6; hence the graph 
must cross the X-axis in order to connect the points 
[«>/(«)] and [&,/(&)], but at the point of crossing 
/(a;) = 0, and there is therefore a root of /(aj) = 
between a and h. 

Cor. The graph, by crossing the X-axis an odd num- 
ber of times, may connect points lying on opposite 
sides of the axis. Therefore if /(a) and/(6) have unlike 
signs, there may be an odd number of roots of f{x) = 
between the values a and h, 

31. If there exists no real quantity which, substituted 
for X, makes f (x) vanish, then f (x) must be positive for 
every real value of x. 

Since /(a;) = has no real roots, the graph of f{x) 
must lie altogether on one side of the X-axis ; and if we 
can determine the sign of f{x) for one value of a, we 
shall know its sign for all values of x. The equation 
/(ic) = 0, where 

f(x) = «»» -f- p^af-^ + • • • + Pn-l^ + Pny 

may be written 

As X increases, the value of the function tends to 
become »", and when a: = -}-oo, /(a;) = (-f oo)% a positive 
quantity infinitely great, 
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32. Eve'iy equation of an odd degree has at least one 
real root of a sign opposite to that of its la^t term. 

Given 

/(«) = af + piaj"-^ -h — +jPn-i»4-i>n= 0, 

n being an odd number. We have already seen that 
imaginary roots enter the equation in pairs; hence if 
2 m be the number of imaginary roots, the number of 
real roots is n — 2 m, an odd number. It remains to show 
that one of these n — 2 m real roots is of opposite sign to 
that of p^. 

I a; = —00, f(x) is negative; 
a = 0, the sign of f{x) is the same as that of p^-, 
a? = +00, f{x) is positive. 

If jpn is positive, the graph of f{x) must cross the 
X-axis between — oo and 0; i,e, there is one negative 
root ; and if p^ is negative, the graph crosses the axis 
between and -|-oo; t.e. there is a root between and 
+00. Thus the theorem is proved. 

33. Every equation of an even degree whose last term 
is negative Jias at least two real roots, one positive and one 
negative. 

Substituting as in the preceding demonstration, we 
have: 



X 


/(a:) 


—00 



+ 
+ 
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Since f{x) has changed sign between — oo and 0, and 
again between and +00, there must exist at least one 
real negative root and one real positive root. 

34. If f(x) = has no equal roots, f(x) and f (x) 
have no highest common divisor. 

Let f{x) = (a; - a,) (« - oj) ... (a? - a^), 

in which no two of the quantities ai, a^, ... a„ are equal 
to each other. 

Then f{x) = + {x-a^){x-a^)'"{x-a^) 

-f- (a; - aO (a?- a,) ... (a; - «„) + ... 
+ (a? - tti) (a? - oj) ... (a? - ««_,). 

No one of the linear binomial factors of f(x) is a 
factor of f'{x) ; and since these linear factors are the 
prime factors, the two functions f(x) and f\x) have no 
highest common divisor. 

35. If f(x)=:0 has equal roots, the highest commx)n 
divisor of f (x) and f'(x), when equated to zero, constitutes 
an equation which has for its roots these equal roots, and 
no others. 

Let tti be one of the m equal roots of f{x) = 0, and 
let the other roots be ag? «8> ... «n-«+i; tl^en 

f{x) = (a; - a;)^{x - o^) ... (a? - a«_«+i) 

= («- «!)"*(«). 

Hence f{x) = m{x — ai)"-'<^(a;) + {x — a^Y4»\x), 

By the preceding article, <^(a;) and 4^\x) have no high- 
est common divisor ; therefore (a?— «j)"*~^ is the highest 
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common divisor of f{x) and /'(«). Putting it equal to 
zero, we have 

(a? -«,)""' = 0, 

an equation of the (m — l)th degree, having for its roots 
«! taken m — 1 times. Thus the number of equal roots 
in the given equation is greater by odo than the number 
obtained from the equation {x — ai^"^"^ = 0. 

Cor. 1. If f{x) = has two sets of equal roots, 
so that 

/(») = (a; - a,Y{x - a,y4^{x), 

the above process may be repeated, and the highest com- 
mon divisor of f{x) and f{x) will be found to be 

(x^a^Y-\x^(Hy-\ 

The solution of the equation, 

(aj_a,)«-i(aj -«,)«-!= 0, 

will evidently give roots having the values ai and a^ 
m — 1 roots with the former value and g — 1 with the 
latter value. 

The process will be the same for any number of sets 
of equal roots. 

Cor. 2. If f{x) = has m equal roots, f{x) = has 
m — 1 equal roots whose value is the same as that of 
one of the equal roots of the first equation. 

If an equation is suspected of having equal roots, the 
highest common divisor of /(aj) and/'(a;) should be found. 
Suppose, for example, that the divisor is a? — 4a; + 4; 
the roots of a?^— 4a;+4=0, being 2 and 2, we have now 
m — 1 of the m equal roots which the given equation 
f{x) = must have ; hence 2, 2, 2 are roots of the equa- 
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tion, and since f{x) is divisible by {x — 2) (a — 2) (a? — 2), 
we may, by dividing, reduce the degree of the equation 
so that there is left for solution an equation of the 
(n — 3) degree. 

EXAMPLES. 
(Note. Before evaluating for any quantity, make as much use 
as possible of the foregoing propositions, including Descartes^ Rule 
of Signs.) 

I. 

Find the roots of the following equations : 

1. a^-3a^-6a;-f-8=:0. 

2. a^-2aj2-f 1 = 0. 

3. aj* + 4aj3-ha*-8a?-6 = 0. 

4. a?* + a?*-8aj»-6aj*=0. 

5. aj«-7i»*-3ar»-h69a? + 4aj-120 = 0. 

(The following have equal roots.) 

6. a^-2a:«-f 3aj2 + 2a?-4 = 0. 

7. a«-6ar^ + 3a?* + 12aJ^-9aj2-6a; + 6 = 0. 

8. aj*-6aj3 + 6ar^ + 18a-27 = 0. 

II. 

1. Find the condition that the equation 

ic3 + 3aaj*-h36aj + c = 
may have two roots equal. 

2. Find the condition that the equation 

may have equal roots, and determine whether it can have 
three equal roots. 
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III. 

Show the general featijres of the graphs for equations 
of the following description : 

1. An equation of the third degree, all of its roots 
real and two of them equal. 

2. An equation formed by equating to zero the first 
derivative of the function in the preceding example. 

3. An equation of the third degree, all of its roots 
equal and positive. 

4. An equation of the fourth degree, all of its roots 
imaginary. 

36i Thus far we have considered only such equations 
as have unity for the coefficient of the highest power 
of a?. In case the coefficient of the highest power is not 
unity, the equation may be transformed into one in which 
the coefficient of the highest power is unity and the other 
coefficients are integral, the original coefficients being 
integral. 

Suppose we have 

Pific^+Piixf-^ +i>2«'*"^ + ••• +i>»-i« +Pn = ; 

then or +^x-' +^x-'' -f- - +^'x +^=0. 
Po Po Po Po 

V 
Now let a; = -^, in which A is at first an undetermined 
A 

quantity. 
Substituting this value of x, 
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Multiplying by A% 

Po Po Po 

If, now, A be taken equal to jpo, we have an equation 
of the form 

y" + Piy"-'4-P22r-* + - + Pn-iy + P« = o, 

in which the coef&cients Pi, P^, etc., are all integral. 
After solving this equation in y, the root-values of x 
in the original equation may be found from the rela- 
tion a? SB -J* 

EXAMPLES. 
Find the roots of the following equations : 

1. 10aj»-17aj«-f «4-6 = 0. 

2. 3aj»-2a?-6aj-f 4 = 0. 
8. 2a8-3a?^-f-2a;-3 = 0. 
4. a?»-^a?-fVV = 0. 

37. It is required to find the condition that one of the 
roots of the equation 

Poaf +l>iaj"-' + — +p»-iaJ +Pn = (1) 

shall be infinitely great. 

Put a = -; substituting this value of x in (1), 

^).+p,(l).-.+...+p...Q+,.=o, 

or Po -{-Piy + — -hPn-^T'^ + P„r = 0. (2) 
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Iipo = 0, the equation may be written 

y{pi +p^ + — + Pn-iy""^ +i>«y""0 = 0. 

Hence is one of the roots of the equation in y when 
Po = ; but when y = 0, a; = oo. Hence the condition that 
one of the roots of an equation shall be infinity is that the 
coefficient of the highest power of the unknown quantity shall 
be zero. If both Pq and pi are zero, two roots of equation 
(2) are zero ; hence two roots of (1) are infinitely great. 

(The principle of tills article is of importance in the theory 
of asymptotes. See Williamson^s Differential Calculus, Chapter 

xm.) 

Two equations are said to be identical if their corre- 
sponding coefficients are proportional. 

Thus p^+Piixf'-' + '"+Pn-iX + Pn = (1) 

and P^ -}- Pi»"-' + - + P«-i« + -Pn = (3) 

are identical if 

JP0_Pl_ _ Pn-l __ Pn 

Po^pr'^Pn-rPn' 

and equation (3) might have been derived from (1) by 

P P 

multiplying the first term by __?, the second by _i, and 

Po Pi 

so on. 

3a Let 

f{x) = (a? - ai) (x - aa) (« - og) ••• (a; - «„) = 0. 

If the multiplication here indicated be performed, we 
have 

«" - («i + 02 H f- ««)«""' + («i«2 + aiOs + a2«8 + — )^"^ 

4- •••+(^l)'*(aia2«8-«n) = 0. 
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It will be seen that the coefficient of «* is +1; the 
coefficient of af "^ is the sum of the roots, preceded by the 
minus sign ; the coefficient of of""* is the sum of the prod- 
uct of the roots taken two and two; the coefficient of 
aj"~' is the sum of the product of the roots taken three 
and three, and preceded by the minus sign. The law of 
the formation of the coefficients is now apparent, and we 
have finally for the last term the product of all the roots, 
preceded by the minus sign if there is an odd number of 
roots. If this equation be identical with 

by the preceding article we have 

— («! + "2 H h «n) = jPl^ 

+ (aia2 4- ai«8 + "aOs + •••) =i>» 



(-I)"(aia2a3 — an)=l>« 



a set of n independent equations in the n unknown quan- 
tities «!, Og, ••• ttnj ^^ known quantities being pi, p^^^Pn- 
Now it is obvious from the definition of a root, and in 
advance of investigation, that a root of an equation must 
be some function of the coefficients in that equation ; and 
it would seem as if the above set of equations furnished 
us with material for determining what functions the roots 
are of the coefficients; that is, it would seem as if we 
might solve these n equations, obtaining the value of 
each root. A general solution would, of course, furnish 
formulas by means of which the roots could be deter- 
mined in any particular case. Since the quantities 
«!, «£, Os, etc., are all involved in the same way in these 
n equations, there is no advantage in eliminating certain 
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quantities rather than others. Suppose the n — 1 quan- 
tities Oh, <h, a4,"'a^ eliminated so that we have finally 
an equation in ui. In whatever way the elimination is 
effected, this equation is of the nth degree in aj ; in fact, 
it presents the original function with aj in place of x ; 
hence no progress is made toward the solution of the 
given equation in x, 

39. The principles of the foregoing articles are of ser- 
vice in the determination of the roots of equations, but 
it has been seen that some of the principles apply only 
to equations having special characteristics, while others 
afford methods which are more or less tentative. We 
proceed to a theorem which enables us to determine the 
number and situation of the real roots of any numerical 
equation of the form 

n being positive and integral, and the equation having no 
equal roots. This theorem, named from its discoverer, 
Sturm,* is as follows : 

Given the equation f (x) = without equal roots. Let 
the operation of finding the highest common divisor of i(x) 
and f'(x) be performed with this modification, that the sign 
of every remainder is changed before it is used as a divisor. 
The given equaiion having no equal roots, we arrive at last 
at a numerical remainder not zero. Let the sign of this 
remainder also be changed. Let fi(x), f2(x), ••• fn-i(x) be 
the series of the modified remainders so that we have for 

* Ce grand g^om^tre communiqua & PAcad^mie des Sciences, 
en 1829, la demonstration de son th^orSme qui constitue I'une des 
plus brilliantes d^couvertes dont se soit enrichie I'Analyse math6- 
matique. — Serret. 
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the entire series f (x) , f ' (x) , f j (x) , f 2 (x) , • • • f„_i (x) , the series 
decreasing in degree from the nth to the zero degree ind-w- 
sive. Let a and b {where b > a) he any two real quanti- 
ties; then the number of real roots of f(x)= between a 
and b is equal to the excess of the number of variations in 
the series of signs of f(a), f (a), fi(a),«'«f^_i(a) over the 
number of variations in the series of signs of f(b), f (b), 
fi(b),-fn-,(b). 

/i(*)> /2(^))'"/n-i(^) '^^J ^ called Sturmian Func- 
tions. Let go> Q^b-'-^n-a denote the successive quotients 
which arise in the process of producing the Sturmian 
functions ; then we have 

/(^)=9o/(a^)-/i(aj), 

/,(«) = g2/2(«)-/3(«), 

/2(a?) = g3/«(«)-/4(«), 



From these relations two conclusions can be drawn : 

First, two consecutive functions cannot vanish for the same 
value of X. Suppose the contrary to be true, and assiune 
that fi(x) and fzix) become equal to zero for the same 
value of X ; then from the third of the above equations, 
f^{x) must also equal zero ; and if fzix) and fs(x) van- 
ish simultaneously, f^(x) must also vanish in order that 
the fourth equation may be true. Finally, we shall have 
fn-i{x) vanishing with the rest; but this last Sturmian 
function, being a constant, cannot vanish for any value 
of x. 
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Second, when any intermediate function vanishes, the 
function preceding and the one succeeding have unlike 
signs. Suppose, for instance, that fs(x) vanishes for 
some value of x, as c. We have just seen that neither 
/2(aj) nor f^{x) can vanish simultaneously with f^{x) ; 
hence the fourth equation of the above set becomes 
A(x)^-fi{x). 

Kow no alteration can be made in the series of signs of 
the functions 

f(x),f(x),f,{x),...f,,,{x), 

except when x passes through a value which makes some 
function vanish. We proceed to the proof of the fol- 
lowing sub-propositions : 

1. No variation is lost or gained in consequence of x 
passing through a value which makes any function except 
f (x) vanish. 

2. When x passes through a value that makes f(x) 
vanish, one variation, and only one, is lost. 

Let c be a value of x which makes some other function 
than /(a;) vanish. For example, suppose ^(c) = 0. As 
neither /2( a?) nor /4(a) vanishes when x=:c, neither of 
them can change sign as x passes through c, but fz{^) 
will or will not change sign, according as the equation 
/8(a;) = has an odd or even number of equal roots of 
the value c; hence the signs oi f^{x) just before x^c 
and just after x=^c may be any one of the four cases, 

4-+, , H — , — h; hence if c — ^ be the value of 

X just before « = c, and c-\-h its value just after x = c, 
and if ^(a), f^{x), f{x) be evaluated first for c — h, and 
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then for c + A, all the possible arrangements of signs 
that can occur are : 



x = e — h x = c-\-h 


Mc-h) 


Mo-h) 


/4(C-A) 




h(.c + h) 


/»(c+A) 


/4(c+A) 


+ 


+ 


— 




+ 


+ 


— 


+ 


— 


— 




+ 


— 


— 


+ 


+ 


— 




+ 


— 


— 


+ 




— 




+ 


+ 


— 


— 


+ 


+ 




— 


+ 


+ 


— 


— 


+ 




— 


— 


+ 


— 


+ 


+ 




— 


— 


+ 


— 


— 


+ 




— 


+ 


+ 



These signs should be read horizontally; it will be 
noticed that in every case there is one variation and one 
permanence. 

Note. If ^ = 0, so that fz{c Th) \a actually zero, the middle 
column of signs drops out, and we have simply H — or — h ; 
I.e. one variation as before. Further, non-consecutive functions 
may vanish for the same value of x. When x reaches such a value, 
the number of signs in the series to be considered is at that instant 
diminished by the number of functions which vanish ; but from 
the above argument it is seen that only permanences disappear, 
and that these reappear as soon as x has passed that value which 
causes the several non-consecutive functions to vanish. 

We have finally to consider the effect of a passage of x 
through a root of /(aj) = 0. Suppose a a root, so that 
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/(a) = 0. Let A be a positive quantity, so that a — A is 
the value of x just before the assumed root value is 
reached, and « + ^ is the value of x just after passing 
that value. By Art. 10, 

/(« - h) =/(«) - hf\a) + |/"(«) _|/'"(«) + ... ; 

also 

/(« + A) =/(«) + hf\a) + 1/"(«) + 1/"'(«) + -. 

Since /(a) = 0, these tWo equations may be written 

or, if h be taken indefinitely small, 

fl^ = -f(a), (1) 

i^^ = +f'{a). (2) 

Now since the equation f{x) = has no equal roots, 
and consequently the equations /(a:) = and /'(a:) = 
have no common root, it follows that f(x) changes sign 
when X passes through the value a, and /'(a?) does not 
change sign; i.e. the quantities /(a — A) and f(a-^h) 
have unlike signs, whilst /'(a — /i) and f'(a-]-h) have 
like signs. Summarizing the argument, we have 

/(«-/0{± f(a-h)lT 
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Beading the upper signs of the functions in the first 
horizontal line, and then the upper signs in the next line, 
and reading the lower signs in the same manner, we see 
that in each case a variation is succeeded by a perma- 
nence. Therefore if the entire series of functions /(a?), 
f{^)i /i(^)> f%{^)^ ®^c-j be evaluated for a — h where 
a is a root of f{x) = and h is indefinitely small, and 
if the series be then evaluated for a+h, the second 
series of signs must have one less variation than the first 
series has ; and since one variation must thus give way 
to a permanence each time that x passes through a root 
of /(a;) = 0, and since no variation can be lost as x 
passes through other values, the theoregn is established. 

40. In order to find the whole number of real roots of 
an equation f{x) = 0, we first make « = — oo in the series 
of functions f{x), f{x), fi{x), etc., and note the num- 
ber of variations ; we then make flu = + oo , and note the 
number of variations. The excess of the number of 
variations in the first series over the number in the 
second series is the whole number of real roots. If x 
is made equal to in the series, the excess of the num- 
ber of variations when a; = — oo over the number when 
a; = determines how many of these real roots are 
negative. 

It is to be understood that in forming the Sturmian 
functions, not only must the sign of each remainder be 
changed before it is used as a divisor, but a negative 
factor must not be introduced at any other point in the 
operation. (It is left to the student to show why the 
remainders with their signs changed, rather than the ordi- 
nary remainders, are taken for the Sturmian functions.) 

Since /(a;) and/'(ic) must have unlike signs just before 
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X reaches each root of the equation f(x) = 0, it follows 
that the real roots of the equation /'(«) = are interme- 
diate between those of /(x) = 0. Hence if the equation 
/(a5) = is of the nth degree, and has m real roots, 
f(x) = 0, an equation of the (n — l)th degree, has at 
least m — 1 real roots. (Does the converse follow ?) 

41. The chief features of the demonstration of Sturm's 
Theorem may be illustrated by means of the graphs of 
/(«), f(x), fi{x), etc. For example, let 

then /(aj)=:3aj2-4a;-.6, 

and the Sturmian functions fi(x) and /2(aj) are 11a? — 6 
and -1-882. In the construction of the graphs in this 
instance no use will be made of Sturm's Theorem to dis- 
cover the roots of f{x) = 0. Since the equation is one of 
an odd degree, it has at least one real root ; and since its 
last term is positive, it has a negative root. Evaluating 
for negative quantities, we find that —2 is a root. Low- 
ering the degree of the equation and solving the result- 
ing quadratic aj* — 4a-}-2 = 0, the other roots are found 
to be real and positive (2 ± V2). Since we now have the 
three points where the graph crosses the X-axis, it may 
be constructed in its essential features, and, in connection 
with it, the graph of f\x), the roots of f\x) = being 
I ± i V22. When x = — oo, f(x) is — and f\x) is -f ; 
hence the graph of f{x) enters the finite field surround- 
ing the origin from the lower left-hand quarter, whilst 
that of f\x) enters from the upper left-hand quarter. 
Therefore when x is less than the least roots of both 
equations /(aj)=:0 and /'(a?) = 0, for instance when 
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x = AO (Fig. 3), f{x) and f'(x) have unlike signs, as 
represented by the ordinates f{x) = AB,f\x)=zAC. 
^When aj = -2(=0P), /(a?) vanishes, Le, /(-2) = 0, 
and the graph crosses the X-axis. f(x) and f\x) now 
have like signs, as seen in the ordinates A^B- and A^C\ 
and this is the case until x reaches a root (OQ) of 
/'(a;) = 0, when f{x) vanishes, and its graph crosses to 




the lower side of the X-axis. f{x) and f{x) now have 
unlike signs until x reaches the next root {OP^^ 2 — V2) 
of f{x) = 0, when f(x) changes sign again. When x 
reaches the value OQ'(=| + ^V22), /'(«) again van- 
ishes, and thus the signs are unlike until the last root of 
f(x) = is reached, when the graph of f(x) crosses the 
axis for the last time, and both graphs go off to + oo in 
the upper right-hand quarter. Thus the graphs are seen 
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to cross the axis alternately, the roots of the equation 
/'(«) = being intermediate in value between those of 
f(x) = 0. Also, if we construct the graph of the equaA 
tion /i(a5) = 0, a straight line in this example, it is seen 
to cross the X-axis at R{OR — ^), a point between the 
two points where the graph of f{x) crosses it. The 
graphs of no two consecutive functions cross the axis at 
the same point ; t.e. no two consecutive functions vanish 
for the same value of x, as shown in the demonstration. 

[It will be observed tbat, in the construction of these graphs, the 
unit of distance for vertical measurements is only about one- fourth 
the unit employed for horizontal distances. This is done in order 
to bring the figure within proper limits. The essential features 
of the curves, and hence their mutual relations, are preserved, 
however, and therefore the principles of the theorem are illustrated 
as well as if only one scale were used.] 

42. Eesuming the series of functions, 

/i(a:) = llaj-6, 
f2{x) = +SS2, 

we will employ Sturm's Theorem in order to compare 
the results which it furnishes with those obtained above. 
The following table may be formed : 





— QO 


+ Q0 





-8 


-« 


-1 


-i-i +i +t 


-t-4 


/(«') 


— 


+ 


+ 


— 





+ 


_ _ _ 


+ 


/'(«=) 


4- 


+ 


— 


+ 


+ 


+ 


- - + 


+ 


/l(^) 


— 


+ 


— 


— 


— 


— 


+ + + 


+ 


/.(«) 


+ 


+ 


+ 


4- 


+ 


+ 


+ + + 


+ 
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The first column of signs presents the signs of the 
several functions when the functions are evaluated for 
—00 ; the second column, when they are evaluated 
for 4-00, and so on. In the — oo column, we note three 
variations, and in the +qo column, no variations; hence, 
since three variations have been lost, the equation 
/(aj) = has three real roots. In the zero column, 
two variations appear; consequently one variation is 
lost between — oo and 0, and there is one negative root. 
In the column headed —3, there are three variations; 
therefore we know that the negative root does not lie 
between — oo and —3. Evaluating for —2, we observe 
that the number of variations is two; hence, since a 
variation has been lost between —3 and —2, we know 
that there is a root between —3 and —2; and since 
/(— 2) vanishes, this root is —2. 

Since we have found one root exactly, we might use it 
to lower the degree of the equation, but in this case we 
will continue evaluating in order to exhibit more fully 
the use of Sturm's Theorem. When a; = 0, two varia- 
tions appear in the series of signs, but evaluating for 
+1 we obtain only one variation; therefore there. is a 
root between and -}-l. Continuing in this manner, it 
is found that the last variation is lost between +3 and 
4-4; therefore the third root is situated between +3 
and -+-4. We may continue this process, narrowing the 
limits between which any root is situated ; thus we may 
evaluate for .5, and so determine whether the second 
root is between and .6, or between .5 and 1. It is 
plainly possible to determine the roots to as many deci- 
mal places as may be desired, although the labor of 
evaluating increases as we go on. For Horner's Method 
of evaluating, see Todhunter's Theory of Equatioiis, 
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43. A study of the above table of signs, and of other 
similar tables, shows that although no variation is lost 
except when x passes through a root of f{x) = 0, yet 
there is a shifting of the signs as x progresses through 
all values from — oo to +oo; for, of course, the sign 
of any Sturmian function must change whenever x 
passes through a root (or an odd number of equal 
roots) of /,(aj) = 0, /,(») representing any Sturmian 
function. 

The demonstration of Sturm's Theorem involves the 
assumption that the equation /(aj)=0 has no equal 
roots. It does not follow, however, that the theorem 
is inapplicable when we are not sure in advance that a 
given equation has no equal roots; for the process of 
forming the Sturmian functions is essentially the process 
of finding the highest common divisor of f(x) and /'(«); 
and if the given equation does contain equal roots, the 
last remainder, i.e. the last Sturmian function, will be 
zero, and the next to the last Sturmian function will 
be the highest common divisor. In such a case, the 
equation f(x) = may be reduced by dividing f{x) by 
the product of the m linear factors (« — a)(a5 — a) ..., 
where a is one of the m equal roots ; or, if f(x) = has 
more than one set of equal roots, by dividing by the 
product of the different sets of linear factors. Suppose 
the quotient to be <^(a;), so that we now have <^(a;) = 
for solution. Beginning de novo, we find <l>\x), and 
form the Sturmian functions. The series of functions 
<l>{x)f ^'(aj), ^i(«), <^2(aj), etc., evaluated in the usual 
manner, furnish the number and situation of the real 
roots of <^(a?) = 0; these roots, together with the equal 
roots previously found, are the required real roots of 
f(x) = 0. Thus the theorem is applicable in all cases. 
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44. It is evident that the functions in the series /(a), 
fip^)^ /i(«)> ••• /n-i(aj), will, in general, be n + 1 in num- 
ber ; but in certain cases, owing to the absence of terms 
in the given function, some of the remainders will be 
wanting. This can occur only when the given equation 
has imaginary roots; for it is clear that, in order to 
ensure a loss of n variations in the series of functions 
during the passage of x from — oo to +oo, all the func- 
tions must be present. Moreover, they must all take 
the same sign when a; = +oo, and alternating signs 
when a; = —00. Since the leading term of an equation 
is taken with the positive sign, we may state the condi- 
tion for the reality of all the roots of any equation as 
follows : In order that all the roots of an equation of the 
nth degree may he real, the leading coefficients of aU the 
Sturmian functions, n — 1 in number, must be positive, 

EXAMPLES. 

Find, by Sturm's Theorem, the number and situation 
of the real roots of the following equations : 

1. aj'-3a^-}-2a;-6 = 0. 

2. a^-6a2^2a;-f 3 = 0. 

3. 2a^--ar'_6a2_^^2 = 0. 

4. aj*— 4aj-}-2 = 0. 

5. aj*-8aj* + 26j»»-44aj=* + 40aj-16 = 0. 

6. 14aj' + 12aj2-9a;-10 = 0. 

Extract the cube root of 47 by solving the equation 
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Mnd the condition that the incomplete cubic 
aj* + oaj + 6 = 
shall have all of its roots real. 

III. DETERMINANTS. 

45. Suppose we have two linear equations in two 
unknown quantities, as 

aiX + ftj^ + Ci = 0, 

c^^aj + % + Cg = 0. 

Multiplying the first by Og and the second by Oi, and 
subtracting the latter product from the former, we 
obtain 

{ajbi — 0162)2/ + aiiCi — o.\<h = 0, 



or 



a^i — aiC2 
a^2 -~ <^i 



Similarly a? = ^^^^ "" ^^ ■ 

0162 — ctibi 

Since the given equations are general, these values of 
X and y are formulas which may be used for finding the 
values of x and y in special linear equations in two 
unknown quantities. It will be observed that the two 
formulas have the same denominator, and that this de- 
nominator involves only the coefficients of x and y. 
Again, the numerator of the formula for x does not 
involve the coefficient of x, and the numerator of the 
formula for y does not involve the coefficient of y. 
Further, the six constants are involved in such a regular 
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maimer in these formulas that they may be sorted out 
and arranged in lines. Thus the binomial hiC^ — b^i may 

bi 62 

Ci C2 



be written 



; and the binomial afis — ajbi^ 



so that 



05 = 



Oi 

hi 



When the function a^^ — ajbi is written in the above 
form, it is called a Determinant. The quantities ai, ag, 
61, 62 3.re called constituents; the lines of constituents, 
when read horizontally, are called rows; when read ver- 
tically, they are called columns. The determinant is said 
to be developed when it is written in its usual algebraic 
form. This is accomplished by multiplying together the 
constituents in the diagonal beginning with the upper 
left-hand constituent, and subtracting from this the prod- 
uct of the constituents in the other diagonal. That is, 
by definition, 
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= aj)2 — djt^i. 



Developing in the same manner the determinant 
^2 2>2 



we have 



a^b^ — ajl>i. 



Hence a determinant of the second order is unaltered in 
value when rows are changed into columns and columns 
into rows. 
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Again, since 



61 62 



62 &i 



it follows that the interchange of the two columns changes 
the sign of the determinant; and since 



ajbi — a^2 = 



61 62 
ai Og 



^Ae interchange of the two rows cha/nges the sign of the 
determinant. 



46. Passing now to the case of three linear equations as 

CLiX -\-bjy + CiZ + di = 0, 

«5s« + % + Ca^ + c?2 = 0, 

a^ + b^-\-c^ + d^ = 0, 

if y and z be eliminated by the usual algebraic processes, 
we have 

(oiftgCs — aib^ + ajb^Ci — aj)ic^ + OgftiCg — asbffii)x 

+ ^162^3 — dib^Ci + dj)^i — dj)ic^ + ^36102— d^b^i=: ; 
hence 
vy — _ ^i^2<?8 — ^i^8g2 + djb^Ci — djbiCg + djbic^ — djb^i 



O'lbffis — aib^2 H- «2&8<^i — (^2biCs + ct^fiiC^ — dsbffii 



(1) 



Analogous expressions may be obtained for y and z. 
Now the polynomials in these values of x, y, and z may 
be written in terms of determinants of the second order. 
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Thus considering the denominator 

ttiftgCs — c^iftgCg + OaftgCi — ag^iCg + a^iC^ — aj}^i, (2) 
we may write it 

tti (62^8 -- ^8^2) + «2 (^3^1 — ^iPs) H- 03(^1^2 — ^^i) , (3) 



or 



tti 



6, h 


-aj 


61 6, 


+ 03 


61 h. 


c» Cs 




Ci Cs 




Cl Cj 



(4) 



This expression may be defined as equal to the deter- 
minant of the third order, 

ai aa a^ 

bi 62 ^3 • (5) 

Cj C2 C3 

The three determinants of the second order are called 
the minors of the constituents a^j a^, a^. Each minor is 
seen to consist of constituents which do not occur in the 
row or column of the corresponding constituent. Thus 
the minor of Og is b b 

If we let the three minors equal Ai, A^ A^ respectively, 
(4) may be written 

aiAi — 02^2 + tts-^. (6) 

A determinant of the third order may be developed by 

first writing it in terms of its minors as in (4), or it may 

be developed directly if we consider the composition of 

the original polynomial, 

aib^s — <h^^2 + « A<^i — <^i<^ H- tts^A — 0362^1. 
This polynomial is seen to consist of six terms, three 
of which are preceded by the plus sign, and three by the 
minus sign ; the positive terms being afiiCs, aj)^i, ajbiC^* 
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Of these, the first is the product of the constituents in 
the diagonal of (5), beginning with the upper left-hand 
constituent; the second is the product of the constitu- 
ents in a parallel diagonal beginning with the second 
constituent in the first column, this product being multi- 
plied into the third constituent of the first row; the 
third consists of the third constituent of the first col- 
umn into the product of the remaining two constituents 
in a diagonal parallel to the primary (or principal) diag- 
onal. Similarly, we obtain the three negative terms, 
beginning with the diagonal containing the constituents 
<^\3 ^29 <h9 Q-nd proceeding upward until each constituent 
in the first column is used, the minus sign being prefixed 
to each one of these three products. 

Disregarding signs, each term is seen to consist of the 
product of one constituent, and only one, from each column 
and each row. 



47. The polynomial 

may be written 

Cii(pffis — V2) — &i(^*2p3 — ^sCa) + Ci(ajbs — 0362)? 



OP ai 


fi2 Cg 
h Cg 




h 


as Cg 

Os Cg 


+ Ci 


a2 62 

as h 


(7) 


which may be condensed into the third order deter- 


minant, 




ai 61 Ci 






ag &2 C2 


(8) 








as 


h Cg 
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Comparing this with (6), which is also equal to (2), it 
follows that in a determinant of the third order rows may 
he written for columns and columns for rows without chang- 
ing the value of the determinant, 

4& Expression (4) may be written 



which equals 



6, 


6. 


-as 


h 


b» 


-Oj 


6. 


fti 


c. 


c» 




<h 


Cs 




c, 


Cl 



Hence 



tti Og aj 
bi 63 6s 



Ci 



Oi 


as 


(h 




&1 


&2 


h 


= — 


Ci 


Ca 


Cs 





«1 C13 
bi bs 



(9) 



that is^ if two adjacent columns, or rows, of the determi- 
nant are interchanged, the sign of the determinant is changed, 
but its value remains unaltered. 

CoR. If an even number of interchanges be made 
between, adjacent columns, or rows, the sign of the 
determinant remains the same; but if an odd number 
of interchanges be made, the sign of the determinant 
is changed. 

49. Suppose that two rows, or two columns, of a 
determinant are the same, as in 

tti bi Ci 
Ol bi Ci 



b. 



Cs 
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let D be the value of this determinant. Interchanging 
the first and second rows, its value becomes — D; but 
the determinant is unaltered ; hence D = — D, and there- 
fore Z> = 0. 

Hence, if two rows, or two columns, of a determinant 
are identicaly the determinant vanishes, 

50. If each constituent in any row, or any column, of 
a determinant is zero, the determinant vanishes. 

For such interchanges may be made that the given 
zero row, or zero column^ shall become the first row; 
then developing the determinant in terms of its minors, 
each minor has zero for its coefficient; hence the ex- 
pression vanishes. 

51. Let the coefficient of each minor in (4) be multi- 
plied by n ; then we have 



nai 



6, h 


— JMlj 


6. &3 


+ nas 


bi b. 


cj c 




Cl Ct 




Cx Cj 



which equals n times the original polynomial. Hence 



nai 


na^ 


na^ 




h 


b. 


h 


= n 


Ci 


Ci 


Cs 





tti ttj Os 

hi &2 h 

Ci Cj Cg 



(10) 



that is, if all the constituents of any row, or any column, 
he multiplied hy the same quantity, the determinant is 
multiplied hy that quantity. 
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52. If each constituent in any row or column consists 
of two terms, the determinant can be expressed as the 
sum of two determinants ; for the determinant 

«! + «! &1 Ci 

(h + fh h Ca 
Oj + Os &8 Ps 

can be written 

(ai + ai)Ai - (a, + a,).4s + {(h + «s)^sj 

or {OiAi — Oj^ + Oa^s) + (uiA^ — (vla + a^), 

which equals 

Oi Og Os cei 02 ^ 

(11) 



Oi a, a. 




«! 02 «8 


6i 6, da 


+ 


6i 62 ^8 


Ci Cs c, 




Ci Ca Cs 



S3. Since the value of (3) will not be changed if 
we add and subtract the same quantity, we may write 
in place of it, 

OiC^aCs - 63C2) 4- nbi{b^ - V2) + 

OaC&aCi - &1C3) + nbiib^i - 6^) + 

ttsC^Ca — 62C1) + nftsC^A — djjCi) ; 

but this expression equals 

(oi + nbi)Ai — (oa + n62)-42 + (a, + nbg)As, 



hence 



Oi 


bi Ci 




ai + nbi bi , Ci 


(h 


6, C2 


= 


a2 + 7162 ^2 Cg 


(h 


63 C8 




as + wfts 63 Cs 



(12) 



that is, any multiple of any calumny or row, may be added 
to any other column, or row, without changing the value 
of the determinant. 
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54. If the equations in a?, y, and z, Art. 46, are sup- 
posed homogeneous, d^ d^ d^ are each zero, and conse- 
quently the numerator of (1) is zero. Hence, if a? is 
not zero, the denominator of (1) must also equal zero, 
and we have aj = ^, an indeterminate quantity. Thus 
the condition that the three linear homogeneous equations 

«8« + % + Ca^ = 0, 
shall be consistent is ' 



ai 


bi c, 


a, 


6, cj 


<h 


h <k 



= 0. 



(13) 



55. In case we have two linear homogeneous equations 
in three unknown quantities, they may be treated as non- 
homogeneous equations in two unknown quantities. For 
the equations 

OiO? + 6iy H- CiZ = 0, 



may be written 



z z 



0, 



z z 



in which the ratios - and ^ may be regarded as the 
z z 

unknown quantities. 
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Then, by Art. 45, 

X __ hiC^ — h^i 



and 



z 



aib2 — 0261 



hence 



or 



_y _. 



61C2 — b^i a^ — aiC2 dibi — djbi 



X 




y 




z 


bi h. 




ag Oi 




Oi a. 


Ci Ca 




Ca Ci 




^ 6, 



(14) 



(16) 



that is, the quantities Xj y, and z are proportional to the 
determinants formed as shown in (15). 

The preceding principles goyem the ordinary operations per- 
formed on determinants of the second and third orders. From the 
manner in which the third-order determinant was obtained, it is 
evident that there may be determinants of the fourth and higher 
orders. For a more extended treatment of determinants in general 
the student is referred to Bumside and Panton's ITieory of Equa- 
tions^ Todhunter*s Theory of EquaUons, and similar works. 



EXAMPLES. 

1. Find the value of the following determinants ; 

12 3 

2 3 4 

3 4 5 

2. Find the value of x in the equation 

111 



-1 


-1 


1 




4 


-1 


-2 


-3 


1 


-4 


5 





3 





2 


-3 


-6 




3 


-7 


4 



axe 
b b X 



= 0. 
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3. Show that 



a" 


a 


1 


b' 


b 


1 


<? 


c 


1 



= (a — c) (6 — c) (a — 6), 



4. State the condition that the equations 

Ax' +By' +C = 0, 

Ax'' ^By" +C = 0, 

Ax"' + By"'+C=:0, 

shall be simultaneous and independent. 

6. (a) Write formula (1), Art. 46, as the ratio of two 
determinants of the third order. 

(6) By means of the result in (a), write the value of 
X in each of the following sets of equations : 





x+ y + 


z = 


9, 






^x + iy 


+ i« = 62, 


x + Sy-Sz = 


7, 




ia? + iy + i2^ = 47, 


X'-4,y + Sz = 


8. 




\x + \y-\-iz^SS. 


x + ^y=:100y 






ay + bx=: c, 


y + i^ = 100, 






ex -\-az = b, 


2+i«=ioo. 






bz -\-cy = a. 


6. Show that 








b+c a—h a 










c + a b — c b 










a + b c — a c 










= 


baa 


— 


b 


b 


a 


+ 


c a a 


— 


c b a 




ebb 




c 


c 


b 




abb 




a c b 




ace 




a 


a 


e 




b c c 




b a c 


— 


3a6c-a? 





6'- 


-d". 
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IV. THEORY OP LOGARITHMS. 

56. The Logarithm of a quantity is the exponent 
with which a given fixed finite number called the Bcbse 
is to be affected in order to produce the quantity. Thus 
if a be taken as the base of a system of logarithms, and 
we have a' = n, then x = log.n, which is read : x equals 
the logarithm of n to the base a. Suppose the base is 4 ; 
then 2 == log4l6, \ = log4 2, etc. 

57. Since logarithms are exponents, the laws of expo- 
nents hold in the theory of logarithms, and we have the 
following theorems : 

1. The logarithm ofl is 0, whatever the base TMiy he. 
If a' = 1, aj = ; hence log„l = 0. 

2. The logarithm of the base itself is 1. 
If a* = a, a? = 1 ; hence log.a = 1. 

3. The logarithm of the product of two quantities is 
equal to the sum of the logarithms of the two quantities. 

Let p and q be the two quantities, and suppose 
m = logp and n = logg, the base being a. Then 

a'^^p and a^'^q; 
therefore pq = a'^a*' = a"*+** ; 

hence log, (pq) ^m'\-n'j 

and since m + n = log, ^^ + log. g, the theorem is estab- 
lished. 
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4. The logarithm of the quotient of one quantUy divided 
by another equals the logarithm of the dividend minus the 
logarithm of the divisor. 

As before, let a**=p and a* = g ; 

p a"* 
then - = -— rsa"*"*: 

q a** ' 

hence ^^^-i g ) = ^ — ^ = log«i> — loga Q- 

5. The logarithm of any power of a quantity equals the 
logarithm of the quantity multiplied by the index of the 
power. 

Let p = a"'; thenp*' = (a"')*' = a"^; 

therefore logad?*") = inrz=zr log^p, 

6. The logarithm of any root of a quantity equals the 
logarithm of the quantity divided by the index of the root, 

1 1 m 

Let p = a"* ; then pH^ = (a'")r =zar; 

therefore log (pP) = — = - log^p. 
r r 



58. To find the relation of any two systems of loga- 
rithms, let a be the base of one system and let b be the 
base of the other. Let j) be a quantity whose logarithm 
we take in each system. If n and n' are the logarithms 
of this quantity in the two systems, we have a'^^p and 
6*' =p ; therefore a" = &**'. 

Xow let m be the logarithm of b to the base a ; i.e. let 
a'^^^b. Raising both members of this equation to the 
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n'th power, a"^' = 6**'; therefore aJ^^a^, and hence 



m?i' = n, 

io^p=;^. (1) 

The translation of this equation affords a rule for 
obtaining the logarithms of numbers in a second sys- 
tem when the logarithms of those numbers are already 
known in one system. 

, -, the constant which connects the two systems, 

is called the Modulus of the 6-system. 

If we have a third system whose base is c, then from 
(1) we may write 

W.P = l^. (2) 

and eliminating log. p from (1) and (2), we have 

1 



log«c 

Hence the logarithms of the same number, taken in 
different systems, are proportional to the moduli of those 
systems, 

59. Logarithms to the base 10 are called Common 
Logarithms* If we wish to find directly the logarithms 

* Logarithms were invented by John Napier of Merchiston, 
Scotland. The work, entitled Mirifici logarithmorum canonis 
description in which Napier announced his discovery, was published 
in 1614. The system of common logarithms was introduced in 
1617, by Henry Briggs, an English mathematician. 
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of the numbers 2, 3, 4, etc., when 10 is taken as the base, 
we have to solve the series of equations : 

10* = 2, 10» = 3, 10« = 4, etc. 

The functions of x appearing in these equations belong 
to the class referred to in Art. 1 as transcendental : the 
equations containing them are accordingly termed tran- 
scendental equations ; as such, they only admit of approx- 
imate solution, although we can find the value of a? to any 
desired degree of accuracy. However, instead of finding 
directly the common logarithms of 2, 3, 4, etc., it is 
usual first to calculate the logarithms in a system 
known as the Napierian and then to calculate them for 
the common system by means of the principle of Art. 58. 

60. We proceed now to the investigation of formulas 
which will enable us to construct a table of logarithms. 

Let the function f 1 + - ] , in which n is taken > 1, be 
developed by the Binomial Theorem, and we have 

\ nj n |2 n" 

nx{nx — l){nx — 2) J- . ^^, 

-1 + 0!+ ^ + ^ +.... 



(1) 



Since this is true for all values of x, we may put aj=l ; 
thus obtaining 






(2) 
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(3) 



therefore series (1) is the ajth power of series (2) ; Le, 

^ ^ [2 ^ [3 ^ 

If n be indefinitely increased, equation (3) becomes 
l+. + | + |+._^l + l+l + l+...J. (4) 

The series 

1 + 1 + -4--H--4- — 

is denoted by e ; hence, 

writing ex for a;, this becomes 

+ [2 ^^ [3 + 14 + 



(5) 



(6) 



Since c is any constant, we may let e* = a, so that 
c = log, a; substituting this value of c in (6), we have 

a'=l + a.log,a + ^(l5g^V?^^ (7) 

Equation (7) is known as the Exponential Theorem, 
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61. The series 

for which e stands, is of great importance as it is the 
base of the primary (Napierian) system from which 
any other system is derived. Logarithms occurring in 
abstract mathematics are usually Napierian logarithms, 
whilst common logarithms are employed for the pur- 
poses of numerical computation. 

62. An approximate value of e may be calculated in 
the following manner : 

1 + 1 = 2.0000000 

\=: .5000000 

4= .1666667 
1= .0416667 

,4= .0083333 

l£ 

1= .0013889 

i= .0001984 

II 

i= .0000248 

i= .0000028 

,4-= .0000003 
110 



e =2.7182819 



76 HIGHER ALGEBRA. 

To obtain the term — , we have only to divide the pre- 
ceding term by 3 ; to obtain the term — , we divide the 

preceding term by 4 ; and so on. By including a greater 
number of decimal places in these quotients and a greater 
number of terms in the series, the value of e may be 
found to any desired number of decimal places. 



63. Having the exponential theorem, we may now 
proceed to the expansion of loge(l + aj) in ascending 
powers of x. From (7), Art. 60, 

If l£ 



therefore, 



= iog.a + yO«g. «)' + AH'<'y + ... 



y °- ■ [2 ' [3 

= log.a + y]l^ + 2^il|^+...[. (8) 

If y be now diminished indefinitely, the terms contain- 
ing y in the right-hand member of (8) will also diminish 
indefinitely ; so that, as y approaches as its limit, we 
have 

«^ = log.a. * (9) 

Writing 1 -f a; for a, (9) becomes 

loge(l + aj) = lKl+ajV-l}; 

y 
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or, developing (1 + xy^ 

= a,+J^^+ (y-lMy-2) :^+.... (10) 

But (10) is only another form for (9), and (9) sup- 
poses that y approaches as its limit ; 
hence (10) reduces to the form, 

log.(l + x) = x-| + |-^+.... (11) 

This is the Logarithmic Series, 

It will be observed that (11) is a diverging series 
when a; > 1 ; hence it holds only when 05 < 1. However, 
we know, without applying the test for convergency, 
that (11) is true only when aj< 1; for the derivation of 
this series involves the development of (1 + x)', and we 
have seen in a former article that the development of 
(1 + xy holds only when a? < 1. 

64. Although the logarithmic series itself is diver- 
gent, we may obtain from it a series which is conver- 
gent, and which may be used in constructing a table of 
logarithms. 

Let — a be written for x in (11) ; then 

log.(l-x) = -x-^-^ -...." (12) 

Subtracting (12) from (11), we have 

log.(l + «)-log.(l-a!) = 2^a; + |+|+...V 

that is, log/l±|) = 2^a; + | + |+-\ (13) 
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Let 



05 = : 



then 



1 — a? 2 



'2« + l' 

Substituting these values in (13), we have 

1 1 



+ 



r.+i 



■) 



(14) 



\ z ) V2« + 13(2a + l)» "5(22 + 1)* 
or lc^(« + l) 

= ^°«-* + <2^+3(2^+5(2^.+ -) 

Our object is to compute the Kapierian logarithms of 
the numbers 2, 3, 4, etc. For such numbers, (14) is 
evidently a converging series ; at the same time the rela- 
tion between x and z is such that the requirement that x 
shall be less than unity is fulfilled as a; is made succes- 
sively equal to 1, 2, etc. 

The computation of the Napierian logarithm of 2 will 
illustrate the use of this series. Making a? = 1, we have 

log.2 = 2/^— i- + i + ^ + ...\ 

^* V2 + I 3(2 + l)»^5(2 + l)«^ ; 

Performing the indicated operations in a manner simi- 
lar to that in the computation of e, we have 

2.00000000 



.66666667 
.J>7407407 
.00823045 
.00091449 
.00010161 
.00001129 
.00000125 
.00000014 



1 


.66666667 


3 


.02469136 


6 


.00164609 


7 


.00013064 


9 


.00001129 


11 


.00000103 


13 


.00000009 


15 


.00000001 


log.2 = 


.69314718. 
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Similarly, the logarithm of 3 msij be computed by 
making 2; = 2. 

65. It will be observed that it is only necessary to 
compute the logarithms of prime numbers since the 
logarithm of a composite number equals the sum of the. 
logarithms of its factors. Thus log^l0 = log^6 + log,2. 
By making 2; = 4, and so computing log, 5, and then 
adding the result to log,2 found above, we shall obtain 
log. 10 = 2.30258508. 

66. In order to apply the theory of Art. 58 to the 
relation of Kapierian logarithms and common ones, let a 
become the base of the Kapierian system, and h the base 
of the common system. 

logeP 



Then logioi> = 



log. 10 



Since log. 10 has been found to be 2.30258508, the 
modulus of the common system 



log. 10 2.30258508 



= .43429448 



(approximately). The Napierian logarithms, computed 
by the method of Art. 64, have only to be multiplied 
by .43429448 +, and the table of common logarithms is 
formed. 

67. It will be seen from the nature of logarithms that 
by their aid the operations of multiplication, division, 
involution, and evolution may be performed. To illus- 
trate, let it be required to multiply 8 by 4 by means of 
logarithms to the base 2. 
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log,4 = 2; log28 = 3. 
log2(8 X 2) = log,8 + log24 = 6. 
.-. 8x2=:2* = 32. 

6& In the tables formed as described in the preced- 
ing articles there will be no logarithms of negative num- 
bers; for it is evident that no value of x will render 
either of the functions e*, 10* negative. However, the 
fact that negative numbers have no logarithms occasions 
no practical difficulty ; for if such numbers enter into an 
operation, they may be treated as if they were positive, 
their signs being taken into account only in writing the 
final result. Thus if it is required to multiply — 8 by 
4, we use the factor — 8 as if it were positive, obtaining 
the numerical result, 32, as above ; but the true product 
is, of course, — 32, since one negative factor is involved. 



69. 


Since 


10» 


— 


100 


W 


^ 


10 


10" 


= 


1 


10- 


> = 


.1 


10- 


!_ 


.01 


etc. 







we have to the base 10, 



flog 100= 2 

1 



-1 

-2 



log 
log 
log 
log 
etc. 



10 = 

1 = 

.1 = 

.01 = - 



Hence the following propositions relating to common 
logarithms : 

1. The logarithm of any number between 1 and 10 is 
a fraction between and 1. 

2. The logarithm of any number having two integral 
places is 1 -f- some fraction; and in general the number 
composing the integral part of the logarithm is one unit 
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leas than the number of integral places in the quantity 
whose logarithm is given. 

3. The logarithm of a proper froMion is negative. 

4. If one number is ^ of another, its logarithm wiU be 
less by unity. 

For example, log 5 = .69897 (carried to the fifth deci- 
mal place inclusive) ; 

log 1% = log 5 - log 10 = .69897 - 1 = - .30103. 

log T*T = log A - log 10 = .69897 - 1 - 1 = - 1.30103. 

70. Instead of combining .69897 and — 1 in the above 
example, we may write 1.69897, which must be taken as 
equal to - .30103. 

Similarly, we have 

log .05 =2.69897, 
log .005 = 3.69897, 
log 60 =1.69897, 
etc. 

To illustrate further, suppose we have a number con- 
sisting of several figures, as 3.274. Since this number is 
> and < 10, its logarithm must be a proper fraction. 
From a seven-place table we find that log 3.274 =.5150787. 
Employing the method used in the first example, we 
obtain 

log .03274 = 2.5150787, 

log .3274 = 1.5150787, 

log 3.274 = 0.5150787, 

log 32.74 = 1.5150787, 

log 327.4 = 2.5150787, 

etc. 
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Generalizing, let I be the logarithm of any number as 
JV where JVis >0 and <10. Then if JV be multiplied 
by any power of 10, as (10)'', we have 

log(10)''JV= r + log JV= r + Z ; 

and if -W be multiplied by any power of .1, as (.1)', 

log(.l)'JV^=~r + Z. 

In these formulas I is limited to positive fractional 
values, and r to positive integral values. 

71. Logarithms are written as shown in the examples 
of the preceding article. The integral part is called the 
Characteristic^ and the decimal part the Mantissa. The 
minus sign is placed above the characteristic rather than 
before it in order to indicate that the characteristic alone 
is negative. The propositions of Art. 69, together with 
the method just explained for writing negative loga- 
rithms, afford two important rules. 

EuLB 1. The charaxAeristic of the logarithm of an inte- 
gral number^ or of a mixed integral and decimal fractional 
number^ is one less than the number of integral pla^s in the 
number. 

Rule 2. The characteristic of the logarithm of a numr 
her entirely decimal fractional is negative, and numerically 
one greater than the number of O's immediately following 
the decimal point 

72. It has been implied, Art. 67, that only four opera- 
tions — multiplication, division, involution, evolution — 
can be performed by means of logarithms. It should be 
added, however, that tables based upon logarithmic tables 
have been made by means of which the operations of 
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addition and subtraction may be performed. Zech's 
Tafeln der Additions und Siibtractions-Logarithmen is of 
this description. Let it be required to add, or take the 
difference of, two numbers, a and 6, where a>b. Let 
A represent the argument and F the function for addi- 
tion, and A' represent the argument and F' the function 
for subtraction. To use Zech's Tables we have, then, the 
following formulas : 

For addition I !"^;-^^f^ 7^^^^ 
Uog(a + 6) = loga + i^. 

17 U4. 4.- floga — log6 = ^', or JF^, 
For subtraction-^ , ®, .P , T;Tf i ai 

( log(a — 6) = log a —F', or log a —A\ 

Tables of addition and subtraction logarithms are of 
great service in certain astronomical computations in 
which the operations of addition and subtraction cannot 
be avoided.* 

For explanation of the way in which logarithmic 
tables are to be used, the student is referred to Jones' 
Logarithmic Tables, Fourth Edition. 



EXAMPLES. 

1. Find, by inspection, the logarithms of 11027, .048, 
.875. 

2. The mantissa of- log 5976 is 7764106; write down 
the logarithms of .05976, 597.6, .005976, 59760. 

* See Oppolzer's Lehrhuch zur Bahnhestimmung der Kometen 
und Planeten. Erster Band, zweiter TJieiL 
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3. Give the position of the first significant figure 
in the numbers whose logarithms are 2.83961, .75801, 
5.27343. 

4. Given 

log 2 = .3010300, log 3 = .4771213, log 7 = .8460980, find 
log .128, log 14.4, log4f, log Vp. 

s/olHi 

6. Given log 2 and log 3, find \/ • 

^V2 

6. Show that the logarithm of 5 and its powers can be 
obtained from log 2. 

7. Given log 2 and log 3, solve the equations 3*~' = 5, 
6aj=10». 

8. Show that log 7 = — log-, and translate the equa- 

a 

tion into a theorem. 

In the article Logarithms in the Encyclopedia Britannica, the 
student will find a history of logarithms, and also much addi- 
tional theory. The article Tables in the same Encyclopaedia gives 
an account of all the important logarithmic tables which have 
been constructed, beginning with Briggs' Arithmetica Logarithmica 
(London, 1624). 



APPENDIX. 

NATURE OF MATHEMATICAL REASONING. 

Mathematics deals with propositions of the form : 

If a is ft y is 8. (1) 

E.g, If two planes are perpendicular to a third plane^ 
their intersection is normal to the third plane. 

If ar' + ftoj + crxO, aj = - A±J-£ + ^ 

Mathematical demonstration, whether short and sim- 
ple or long and complex, consists in showing that y's 
being 8 is necessarily involved in a's being ft The first 
part, if a is )8, is marked by the various terms : premise, 
condition, assumption, supposition, datum, hypothesis,* 

♦ Modem inductive science employs the term * hypothesis ' in a 
sense so entirely different from that ordinarily assigned to it in 
mathematics, and the word is of so much more service as a term of 
science, that the interests both of mathematics and science would 
probably be advanced if it were no longer used in works on alge- 
bra and geometry. For an account of the rdle of the scientific 
hjrpothesis, the student is referred to Fowler's Inductive Logic; 
Gore's Art of Scientific Discovery; G. K. Gilbert's Inculcation of 
Scientific Method (American Journal of Science, vol. xxxi.). 

85 
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The formal condition, if a is ft may be simple or com- 
pound; in the latter case it contains sub-conditions. Also, 
it is frequently presented in the form of an adjective or 
a modifying phrase, as when we speak of an isosceles tri- 
angle or an equation of the nth degree. The chief rules 
governing the condition are that it must not contradict 
any simultaneous condition, and it must accord with pre- 
viously established conclusions of the branch of mathe- 
matics to which it belongs. The part, y is 8, is usually 
called the conclusion ; it may express all or only a por- 
tion of that which is involved in a's being p. 

In form, the conditional proposition of mathematics is 
identical with the conditional proposition of science : 

If a is &, c is d ; (2) 

in which the part, if a is 6, stands for cause, and the 
part, c is d, expresses effect. The parts : if a is ft if a is 
6, may be conveniently referred to as antecedents, while 
the parts : y is 8, c is d, are termed consequents. 

Aside from form, (1) and (2) have nothing in com- 
mon. A ^ datum' in mathematics can scarcely be said 
to be even analogous to a 'cause' in science. The 
tasks presented are also in great contrast : the student of 
mathematics seeking to understand necessary relations 
and conclusions, while the student of science is engaged 
in discovering the possible causes, and singling out the 
actual cause of a given effect, or in learning the effect of 
an actual or assumed cause. 

The fallacy of affirming the consequent, c is d, and 
thence inferring the antecedent, a is h, is of frequent 
occurrence in the non-mathematical proposition (2). This 
fallacy usually arises from a failure to observe that the 
full form of (2) is: 
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If tti is 61, ^ 




or 




If tta is hij 




or 


c is 


• • • • 




or 




If a^ is 6„, , 
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(3) 



and that we must have means for the elimination of all 
the antecedents except one ; the one that remains being 
the cause, simple or compound, of c's being d in the case 
in question. On the other hand, to affirm or assume the 
consequent, y is S, and thence infer the antecedent, a is 
P, in (1) does not necessarily involve a fallacy. This 
reversed form: if y is 8, a is p, is evidently what is 
known in mathematics as the converse; as such it 
requires proof, although it may be observed that in 
many cases, if not in all, this proof is unnecessary pro- 
vided that the conclusion, y is S, adequately expresses 
what is involved in a's being P\ we may then begin' with 
either as premise, and make the other the conclusion. 
For example, suppose we have the proposition: If n 
lines are parallel, they make equal angles {0) with a 
given line. This cannot be converted into the proposi- 
tion : If n lines make equal angles {0) with a given line, 
they are parallel. But the conclusion may be taken for 
condition, and the condition for conclusion, in the more 
complete statement : If n lines are parallel, they make 
equal angles {0, 6\ 0") with three given lines. In read- 
ing the Calculus the student will find examples of incom- 
plete conclusions. Thus we have the theorem : If /(«) 
is a maximum, f\x) equals zero. It does not follow 
that if f'{x) equals zero, f{x) is necessarily a maxi- 
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mum. But suppose the theorem stated as follows: If 
f{x) is a maximum when aj = a, the first derivative 
which does not vanish in the development of /(a ± h) 
is an even derivative, and is negative. The converse of 
this proposition is true, and requires no proof ; or more 
properly speaking, it is proved as soon as the direct prop- 
osition is proved. See Williamson's Differential Calculus, 
Art. 138. 

Forms (1) and (2) may be avoided by employing the 
equivalent form : 

The ca^e of \ "]' ^^« f I is the case of ] ^^ ^!^« J (4) 
( a's bemg h) ( c's being d. ^ "^ 

Finally, (4). may be expressed, 

All F is Q. (6) 

A proposition in form (5) is described as a universal 
affirmative. The subject is said to be distributed, whilst 
the predicate is, in general, not distributed. Thus 

All freshmen are undergraduates 

is a proposition referring to all freshmen, but not to all 
imdergraduates. What we mean is, that all freshmen are 
some undergraduates. Evidently the subject cannot be 
taken for predicate, and predicate for subject, in another 
universal aflBlrmative. We may only afl&rm that 

Some undergraduates are freshmen ; 

thus converting a universal into a particular affirmative. 
The equivalence of forms (1), (4), (5) may be shown in 
an example as follows : 

If an equation is of the third degree, it has at least 
one real root. 

The case of an equation being of the third degree is 
the case of its having at least one real root. 
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All equations of the third degree have at least one 
real root. 

Whenever all Q is referred to through all P, the prop- 
osition may be reversed, forming a new universal affirma- 
tive. If, then, we write a double form for (5), as 

we shall have the corresponding double form : 

Mathematics is chiefly concerned with propositions 
which conform to the second type under (6), i.e. prop- 
ositions in which the predicate as well as the subject is 
distributed. Thus in Art. 35, the theorem is established 
by showing that if f(x) has equal roots, the highest com- 
mon divisor oif{x) and/'(aj) is itself a function of x, and 
the argument involves the proposition: All equations 
having equal roots are all equations such that the highest 
common divisor of the function and its first derivative is 
a function of x : i.e. all P is all Q ; and conversely, all Q 
is all P. 

The student will find many universal affirmatives in 
the preceding pages, although they may not at first 
appear to be such. It is important to observe that a 
proposition of this description is under discussion when- 
ever we employ the equation 

f{x) = af +p,x^-^ -t- ... +^n-i« +l>n = ; 

for, by using the arbitrary constants «, J?i, j?2>'"Pnj one 
equation is made to include all equations of all finite 
degrees in one unknown quantity; and in establishing 
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any truth in regard to this equation, that truth is estab- 
lished for all equations of the class embraced in the gen- 
eral equation. 

The process by which we discover the conclusions 
necessarily implied or involved in given conditions is 
described as deductive reasoning. The most common 
variety of such reasoning is characterized by the pres- 
ence of two categorical propositions called premises, one 
of which must be universal, and one of which must be 
affirmative ; from these a conclusion, either universal or 
particular, is drawn, or is said to follow. As an example 
of this kind of reasoning, if we make the two affirmations : 

All freshmen are undergraduates ; 
All freshmen study mathematics ; 

we are obliged to conclude that 

Some undergraduates study mathematics. 

Again, from the statements : 

All logarithms are exponents ; 
.301030 is a logarithm; 

it follows that 

.301030 is an exponent. 

As another illustration : 

No determinants have an odd number of constituents ; 

2 



Therefore 



1 3 
2 
1 3 



is a determinant ; 
has not an odd number of constituents. 
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Here the first premise is a universal negative, the 
second premise a particular affirmative, whilst the conclu- 
sion is a particular negative. The student will easily 
add other combinations of premises to those given above. 
Thus a case might be given in which one premise should 
be a universal affirmative, and the other a particular neg- 
ative. 

Besides arguments composed entirely of simple cate- 
gorical propositions, deductive reasoning includes certain 
other forms in which there appear categorical proposi- 
tions united by a conjunction. Thus if we affirm : 

pisgior gjOr... org„; (8) 

pisgi; 

we conclude that 

p is not ga or q^ or ••• or g^. 

Again, from the statements : 

p is gi or q^ or ••• or q^\ 
p is not gs or ••• or q^\ 
it follows that 

p is gi. 

«t 

An illustration will occur to those who have read 
Analytic Greometry : In the study of the equation 

the function h^ — ah is formed. In any given equation 
of the second degree in x and y, ^^ — a6 is or > or 
< ; suppose it is > ; then it is not or < 0. 

The object in introducing in this connection any of 
these forms, whether categorical or not, is mainly to call 
attention to their constant occurrence in mathematics. 
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For a detailed and systematic examination of deductive 
reasoning, the student is referred to any of the standard 
text-books on the subject. Besides the disguising of the 
universal affirmative, already referred to, the frequent 
suppression, or non-expression, of a premise should be 
observed. These suppressed premises are, however, none 
the less present and essential to a sound argument. Fi- 
nally, as regards the universal affirmatives of mathematics, 
the fundamental ones are the two axioms: 'Things equal 
to the same thing are equal to each other,' and 'The 
sums of equals are equal.' These are the fcocyot lyyocai 
which stand at the head of Euclid's list. The other 
so-called axioms which relate to pure quantity may be 
derived from these elementary truths. 

Occasionally a method other than the deductive is fol- 
lowed in order to establish a mathematical proposition. 
Thus in Art. 26y instead of taking an equation of the nth 
degree as in most of the other articles, an equation of 
the fourth degree has been used. Any truth established 
respecting the equation of that article will be general 
so far as the coefficients are concerned, but it will be 
particular as regards the degree of the equation. But 
from^the operation performed on the fourth degree equa- 
tion the student perceives what the result would be in the 
case of equations of the fifth, sixth, and higher degrees. 
He performs the operation potentially on equations of 
those degrees also, and reaches a general result, Le, a 
truth concerning the equation of the nth degree, without 
actually using that .equation in the process. A similar 
generalizing occurs when, by examining the coefficients 
of the first few terms of the Binomial Theorem, we are 
able to express the law of their formation in the formula 
for the nth term. Reasoning of this kind has been called 
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^mathematical induction' because it bears a resemblance 
to some of the methods employed in inductive reasoning 
proper. The results of mathematical induction are gen- 
eral, but its material consists of particular truths. In 
some instances, mathematics presents problems which 
suggest methods partaking of the nature of experiment. 
A simple case occurs in connection with the graph of 
x + 2y Art. 27. In that article it is stated that the 
graph is always a straight line when f{x) is of the first 
degree, and the required graph was drawn accordingly ; 
but independently of that statement, the student might 
have located a large number of graphic points, and then 
observed that the line connecting them was very nearly 
straight, becoming more so as the measurements were 
made more precise. The construction of the graphs of 
several special linear functions would doubtless have led 
to the conviction that all functions of the first degree 
have rectilinear graphs. But the universal proposition 
would not have been proven ; the number of graphs con- 
structed would have been insignificant compared with 
those left unconstructed, and no adequate reason could 
be assigned why the next graph should not be a curved 
line. On the other hand, if the properties of the graph 
of the general linear function ojx + h could be discovered 
from a study of the function itself, and if it could be 
proven deductively that the graph of oo? -|- & is a straight 
line, there would be no need to raise the question of the 
nature of the graph of any particular linear function. 
The peculiar power of Analytic or Co-ordinate Geometry 
consists in the fact that being algebraic it deals with 
universals, and is enabled to employ the methods of 
algebra to establish universal affirmatives which admit 
of a geometrical interpretation. 
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In so far as the experimental determination of a graph 
is inductive in character, the above comparison of this 
method with the deductive may suggest that induc- 
tive reasoning is less conclusive or less important than 
deductive ; but this single case is no just ground for an 
inference, even if the example in question fairly repre- 
sented the nature of any true inductive process. To 
infer, on the above evidence, the inferiority of inductive 
methods would be to fall into the same fallacy that 
would be committed if we were to construct the graph 
of one special linear function, and thence infer, without 
other proof, that all linear functions have rectilinear 
graphs; the fallacy being the common one of hasty 
generalization from comparatively few instances. For 
a discussion of the methods of Inductive Logic, and the 
reliability of the results of those methods, one should 
read Mill's System of Logic. The great importance of 
induction will be evident when it is realized that it fur- 
nishes deductive reasoning with premises. In this con- 
nection reference may again be made to the Euclidian 
axioms which have been spoken of as constantly occur- 
ring in mathematical argument. The question arises: 
How were they established? At present the best evi- 
dence supports the hypothesis that these axioms are 
themselves generalizations from the universal experience 
of mankind. If this theory is the true explanation of 
the origin of axioms, mathematics is no exception to 
the law that deductive reasoning presupposes inductively 
established truths, and rests upon them. 
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EXERCISES. 

1. Supply premises for the conclusion: 

aj* — 2aj* + iB + l = has at least one real root. 

2. Show that the proof of Cs being D when ^ is J5 
may be accomplished by beginning as if the proposition 
were : If (7 is D, -4 is 5 ; and showing all m to be all n. 

3. Illustrate the preceding exercise by means of the 
theorem : If the coefficients of an equation are all real, 
imaginary roots enter it in pairs. 

4. Examine with reference to necessity of proof of 
the converse : The opposite angles of any quadrilateral 
which can be inscribed in a circle are supplementary. 

5. Examine the theorem of Art. 44 with reference to 
necessity of proof of the converse. 

6. Distinguish between the conditional forms in the 
following cases (a) and {h) : 

If two triangles are mutually equi- 
angular, 

If two triangles have their corre- 
sponding sides proportional, 

If two triangles have their sides 
respectively perpendicular. 



they are similar, (a) 



If there is a strike among 

niiners, 
If mines become exhausted, 
If new markets are opened. 



the price of coal rises. (&) 
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7. Express the reductio ad absurdum method of proof 
symbolically, using the notation of (8), p. 91. 

(For students who have read Analytic Geometry.) 

8. ^ The general equation of the second degree in x 
and y represents a conic' Is the predicate distributed 
or not ? 

9. Point out the error in the followilig : 

A conic can be made to pass through any five points ; 
A parabola is a conic ; 

Therefore a parabola can be made to pass through any 
five points. 

10. Supply premises for the conclusion: 
Ko ellipse has asymptotes. 
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